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The Classic Capital Asset Pricing Model

1.1 Introduction

An investor is considering creating a portfolio of securities. How should they choose the
proportions of these securities based on their attitude toward risk? What are the asset
pricing implications of all the investors’ portfolio choices? Are these choices consistent
with the absence of arbitrage opportunities?

This chapter deals with these issues in the context of the static markets idealized in the
first contributions that would give birth to financial economics. Section 1.2 explains how
portfolio selection works when our investor optimizes a mean-variance criterion as in the
seminal approach of Markovitz (1952). According to this criterion, an investor seeks to
maximize the portfolio expected return for any given variance constraint—the celebrated
“mean-variance model.” The ensuing asset allocation leads, in equilibrium (supply equals
demand for all assets), to a notion of “market portfolio” as well as a first theory of asset
prices—the celebrated “capital asset pricing model (CAPM)” of Sharpe (1964), Lintner
(1965), and Mossin (1966) (see section 1.3).

The market portfolio is the first instance of a “preference-free” construct in financial
economics: the asset composition of this portfolio is independent of the investors’ risk
aversion. Remarkably, any desired profile in the investors’ risk-return trade-off is obtained
as a combination of a purely safe asset and the market portfolio (hence the name). We
shall explain that there are nuances to be made regarding these preference-free attributes,
but the notion of a market portfolio is important, representing as it does a benchmark
for each individual asset evaluation: the striking conclusion of the CAPM is that each
asset’s expected return is proportional to the expected return on the market portfolio.
The volatility (i.e., riskiness) of each asset return then increases with the asset exposure to
market movements. This asset exposure is known as beta.

These explanations are elegant albeit quite coarse descriptions of asset markets. Section
1.4 develops the “arbitrage pricing theory (APT)”model of Ross (1976). The APT provides
refinements of the CAPM and predicts that each asset’s expected return links to a number
of factors and not just the market, as the original CAPM suggests. For example, there might
be macroeconomic forces explaining stock returns because investors require compensation
(i.e., a risk premium) for investing in risky assets that perform poorly when the economy
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performs equally poorly, which is usually the norm. The APT formalizes these concepts
very elegantly.

How successful were these initial explanations of asset price fluctuations? It is well
known that the single-factor CAPM cannot explain the cross-section of stock returns. It is
one of the first asset pricing puzzles that financial economists had to face while develop-
ing the field. Section 1.5. explains that the empirical evidence suggests that at least three
factors explain the cross-section of stock returns. In fact, the literature has produced a
huge amount of evidence regarding many additional factors. We shall succinctly discuss
this evidence and the extent to which some of them are merely “lucky factors.”

The important point of this empirical evidence is that it provides motivation and guid-
ance to the formulation of new models. These models can be seen as dynamic extensions
of the APT. For example, a recurrent theme in financial economics is how “cyclical forces”
affect asset evaluation and, in turn, how capital market developments feed back the busi-
ness cycle. The original APT framework was the initial reference for thinking about these
themes as studied in detail in more advanced parts of the book (see, e.g., chapters 8 and 9).
More generally, it was a milestone for all subsequent work aimed to address various “asset
pricing puzzles.”

The empirical literature abounds with additional instances of asset pricing “anoma-
lies”; that is, difficulties the CAPM (and related static models) encounters while explaining
market behavior. Some of these anomalies are now understood to link to frictions that
are behind the very price formation process. Information problems, agency issues, limited
rationality, capital immobility, and decentralized markets are all examples of hindrances to
market efficiency. In fact, the notion of “market efficiency” is elusive; financial economists
actually agree that some (rigorously defined) inefficiency is needed to have markets func-
tion in the first place—an equilibrium degree of disequilibrium, in the words of Grossman
and Stiglitz (1980) (see chapters 5 and 10). For example, bid-ask spreads are needed to
incentivize financial institutions to trade securities in their roles of intermediaries. While
these topics are dealt with in many junctures of this book (e.g., in chapters 5 and 10), it is
important to emphasize them in the first chapter of this book.

However, the CAPM has many undisputed potentially useful features. A striking fea-
ture of the basic portfolio allocation rules derived in this chapter is that they are simple to
understand. Thus, mean-variance asset allocation roughly suggests to invest more in assets
that have higher expected returns and less volatility. In fact, we have already explained
that the CAPM has been the basic starting point for further developments in the his-
tory of thought. But how successful the CAPM allocation rules have been in the market
practice? This chapter provides some perspective on these rules. For example, section 1.3
explains that implementing the mean-variance model may be very difficult; one reason
is that one of its main ingredients, the assets’ expected returns, can only be estimated
with poor precision. We review alternative rules, based on a Bayesian framework, where
portfolio decisions incorporate the user’s views on the asset expected returns (the famous
Black-Litterman model). We also review the basic principles underlying risk parity in asset
allocation: because expected returns are difficult to estimate, a possibility may be to pro-
ceed while ignoring the assets’ expected returns in the first place. In its basic version, risk
parity would suggest creating portfolios that weigh more assets that have less volatility. In
fact, section 1.3 provides some foundations for this portfolio rule, based on “Knightian
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uncertainty,” a situation arising when decision makers do not understand the statistical
laws underlying their environment; chapter 9 (in part II) studies the asset price implica-
tions of Knightian uncertainty in more detail (see section 9.6). Section 1.3 shows that risk
parity is a portfolio strategy that investors adopt, in equilibrium, once Knightian uncer-
tainty is high. More advanced parts of this book (see, e.g., chapters 9 or 11) explain that a
wide adoption of risk parity trading strategies may be destabilizing as assets would be sold
when market volatility is high, a circumstance which typically occurs when markets fall.
Finally, section 1.5 briefly reviews developments in the industry practice based on factor
investing. Because additional factors appear to help explain the cross-section of expected
returns, it seems natural that investors should seek exposure to factors that go beyond the
market. Factor investing aims to seek such exposures (“smart beta”).

1.2 Portfolio Selection

This section describes the process of wealth allocation for a representative investor who
cares about “mean-variance efficiency.” This notion of efficiency constraints our investor
to choices of portfolios that produce the highest expected return for a given level of
risk.

1.2.1 Wealth Constraints
Our investor can invest into m risky assets and one safe asset. Let S=[S1, · · · , Sm] be the
risky asset’s price vector, and let S0 be the price of the riskless asset. We wish to determine
the value of a portfolio of all these assets. Let θ =[θ1, · · · , θm], where θi is the number
of the ith risky asset, and let θ0 be the number of the riskless asset in this portfolio. The
initial wealth isw= S0θ0+ S · θ . Terminal wealth isw′ =x0θ0+x · θ , where x0 is the payoff
promised by the riskless asset and x=[x1, · · · ,xm] is the vector of the payoffs pertaining
to the risky assets—that is, xi is the payoff promised by the ith risky asset.

LetR≡ x0
S0

and R̃i≡ xi
Si
denote the gross returns from investing into the safe asset and the

ith risky asset. Accordingly, define r≡R−1 as the safe interest rate, μ̃≡[μ̃1, · · · , μ̃m]�,
where μ̃i≡ R̃i−1 is the return on the ith risky asset and μ≡E(μ̃), the vector of the
expected returns on the risky assets. Finally, we let π =[π1, · · · ,πm]�, where πi≡ θiSi is
the wealth invested in the ith asset. We have

w′ =x0θ0+
m∑
i=1

xiθi≡Rπ0+
m∑
i=1

R̃iπi and w=π0+
m∑
i=1

πi. (1.1)

Combining the two expressions for w′ and w leaves

w′ =π�(R̃−1mR)+Rw=π�(μ−1mr)+Rw+π�(μ̃−μ).
We use the decomposition, μ̃−μ=B · ũ, where B is a m×d volatility matrix, with

m≤d, and ũ is a random vector with expectation zero and variance-covariance matrix
equal to the identity matrix. With this decomposition, we can rewrite the budget constraint
in eq. (1.1) as follows:

w′ =π�(μ−1mr)+Rw+π�Bũ. (1.2)



20 Chapter 1

We can now use eq. (1.2) and determine the expected return and the variance of the
portfolio value. We have

E
[
w′(π)

]=π� (μ−1mr)+Rw and var
[
w′(π)

]=π��π , (1.3)

where �≡BB�. Let σ 2
i ≡�ii. We assume that � has full rank and that for all i, j, σ 2

i >

σ 2
j =⇒μi>μj. The last condition does actually hold in the equilibrium ofmarkets in which

investors are averse to risk, a topic dealt with several times in this chapter; further, note
more trivially that this condition implies that r<minj(μj).

1.2.2 Portfolio Choice: The “Capital Market Line”
We assume that the investor maximizes the expected return on their portfolio conditionally
on a given level of uncertainty. That is, let w2 · v2p define the maximum level of dollar
variance the investor is willing to accept. We consider the following program based on eq.
(1.3) and the uncertainty constraint:

π̂
(
vp

)= arg max
π∈Rm

E
[
w′(π)

]
s.t. var

[
w′(π)

]=w2 · v2p. [1.P1]

The first-order conditions for [1.P1] are

π̂
(
vp

)= (2ν)−1�−1 (μ−1mr) and π̂��π̂ =w2 · v2p,
where ν is a Lagrange multiplier for the variance constraint. Plugging the first condition
into the second, we obtain (2ν)−1=∓w·vp√

Sh
, where

Sh≡ (μ−1mr)��−1 (μ−1mr) (1.4)

is the Sharpe market performance. To ensure efficiency, we take the positive solution.
Substituting the positive solution for (2ν)−1 into the first-order condition, we obtain the
portfolio that solves [1.P1]:

π̂
(
vp

)
w
≡ �

−1 (μ−1mr)√
Sh

· vp. (1.5)

We are ready to determine the value of [1.P1], E
[
w′(π̂

(
vp

)
)
]
, and hence the expected

portfolio return, defined as

μp(vp)≡ E
[
w′(π̂(vp))

]−w
w

= r+
√
Sh · vp, (1.6)

where the last equality follows by a simple calculation. Eq. (1.6) describes what is known
as the Capital Market Line (CML).

1.2.3 Without the Safe Asset: The “Efficient Portfolio Frontier”
Next, assume that the investor’s choice space does not include the riskless asset. Their
current wealth is now w=∑m

i=1 πi while their terminal wealth is w′ =∑m
i=1 R̃iπi, such

that, and relying on the definition of μ̃i,

w′ =
m∑
i=1

μ̃iπi+
m∑
i=1

πi=π�μ+w+π�Bũ, (1.7)
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where B and ũ are as defined as in eq. (1.2). We can use eq. (1.7) to determine the expected
return and the variance of the portfolio value, which are

E
[
w′(π)

]=π�μ+w, where w=π�1m and var
[
w′(π)

]=π��π . (1.8)

The program our investor now solves is

π̂
(
vp

)= argmax
π∈R

E
[
w′(π)

]
s.t. var

[
w′(π)

]=w2 · v2p and w=π�1m . [1.P2]

In appendix 1.A, we show that, provided AC−D2>0 (a second-order condition, as
explained in appendix A.1), the solution to [1.P2] is

π̂
(
vp

)
w
= Cμp(vp)−D

AC−D2
�−1μ+ A−Dμp(vp)

AC−D2
�−11m, (1.9)

whereA≡μ��−1μ,D≡1�m�−1μ andC≡1�m�−11m and μp(vp) is the expected portfolio
return, defined as in eq. (1.6). In appendix 1.A, we also show that

v2p=
1
C

[
1+ 1

AC−D2

(
μp(vp)C−D

)2] . (1.10)

Based on eq. (1.10), we define the global minimum variance (GMV) portfolio as the
portfolio that achieves a variance equal to v2gmv≡C−1 and an expected return equal to
μgmv≡ D

/
C. We shall return to this portfolio below (see section 1.2.5).

Note that for each vp, there are two values of μp(vp) that solve eq. (1.10). The optimal
choice for our investor is that with the highest μp. We define the efficient portfolio frontier
as the set of values (vp,μp) that solve eq. (1.10) with the highest μp. It has the following
expression:

μp(vp)= D
C
+ 1
C

√(
Cv2p−1

) (
AC−D2

)
. (1.11)

The efficient portfolio frontier is increasing and concave in risk, vp. It can be inter-
preted as a “production function”—that is, a technology through which expected returns
are obtained using varying “levels of risk” as inputs (see, e.g., the two-asset case depicted
in figure 1.1). Which portfolio on this frontier is selected by an investor depends
on the investor’s attitudes toward risk. We shall return to this selection problem in
section 1.3.

1.2.4 Risk-Return Trade-Offs in the Two-Asset Case
Consider a simple example in which there are only two risky assets,m=2. This simplified
version of the model illustrates some crucial points regarding diversification very clearly
and is also at the basis of famous contributions going beyond financial economics, notably
in macroeconomics (see section 1.3.5.4). In this two-asset case, the efficient portfolio
frontier is the risk-return trade-off resulting from any feasible combination of the two
assets and does not require any optimization, as above: the budget constraint, π1w + π2

w =1,
pins down a unique relation between the portfolio expected return and variance. Precisely,

we have: μp= E[w′(π)]−w
w = π1

w μ1+ π2
w μ2, or
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Figure 1.1
From top to bottom: portfolio frontiers corresponding to ρ=−1, −0.5, 0, 0.5, 1. Remaining parameter values
are μ1= 0.10, μ2= 0.15, σ1=0.20, σ2= 0.25. For each portfolio frontier, the efficient portfolio frontier includes
those portfolios that yield the highest expected return for a given level of volatility.

⎧⎨
⎩
μp=μ1+ (μ2−μ1)

π2

w
v2p=

(
1− π2

w

)2
σ 2
1 +2

(
1− π2

w

) π2
w
σ12+

(π2
w

)2
σ 2
2

whence

vp= 1
μ2−μ1

√(
μ2−μp

)2
σ 2
1 +2

(
μ2−μp

) (
μp−μ1

)
ρσ1σ2+

(
μp−μ1

)2
σ 2
2 .

Note that when the returns on the two assets are perfectly correlated, ρ=1, we have

μp=μ1+ μ2−μ1

σ2− σ1
(
vp− σ1

)
.

That is, the risk-return trade-off is linear. However, diversification pays as soon as the
asset returns are not perfectly positively correlated: for any given expected return, the
portfolio return volatility decreases as the asset correlation decreases. Figure 1.1 actually
reveals that there are portfolios that are even less risky than the less risky asset and that
risk can actually be zeroed in the extreme case where ρ=−1.

Naturally, in these examples, the portfolio frontier is given, in that the parameter values
are given. However, these values should be determined in equilibrium. For example, the
portfolio with zero volatility seems to offer investors too good opportunities: it yields
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positive expected returns with no risk. Can this be sustainable? Many investors would
spot this opportunity and implement a trade that would make this opportunity disappear.
Let us illustrate. If ρ=−1, the portfolio that achieves zero volatility has π2

w = σ1
σ1+σ2 , and

the expected return is μo,p≡ σ2
σ1+σ2μ1+ σ1

σ1+σ2μ2. But as more investors go long to exploit
this portfolio’s nice opportunity, the two asset prices go up, and their returns decrease.
This process eventually stops once μ1 and μ2 adjust in a way such that μo,p= r, the risk-
free rate.

Naturally, it is a simple example, which relies on hypothetical price adjustments. How-
ever, this example illustrates the type of standard restrictions arising in financial economics,
which make prices economically viable or free from arbitrage opportunities, as we shall
explain in many junctures of this book. For example, in the context of this chapter, eq.
(1.15) given below is the restriction that generalizes the previous reasoning to the case in
which assets returns are not perfectly and negatively correlated.

1.2.5 Risk Parity and the Global Minimum Variance Portfolio
Note that the portfolio in eq. (1.9) can be decomposed into two components as follows:

π̂
(
vp

)
w
= � (vp) πdw + [

1− � (vp)] πgmv

w
, �

(
vp

)≡ D
(
μp

(
vp

)
C−D)

AC−D2
, (1.12)

where
πd

w
≡ �

−1μ
D

,
πgmv

w
≡ �

−11m
C

. (1.13)

Therefore, any portfolio on the efficient portfolio frontier can be constructed by choos-
ing a convex combination of two portfolios, πd and πgmv, with weights equal to �

(
vp

)
and

1− � (vp). It is amutual fund (or separation) theorem.1 We shall use this representation of
efficient portfolios to derive the zero-beta CAPM of section 1.3.2.

The two portfolios in (1.13) may be described as follows. The first, πd, achieves the

expected return that makes �
(
vp

)=1, that is, (vp,μp)=
(√

A
D , AD

)
. The second portfolio,

πgmv, is the GBV portfolio introduced in section 1.2.3, for we know from eq. (1.10) that
the minimum variance occurs at (vp,μp)= (

√
1/C,D/C), that is, when �

(
vp

)=0.2 This
portfolio displays a very peculiar and interesting property: it requires an asset composi-
tion that is independent of the market expectations on asset returns, μ. It is a remarkable
property: in many instances of this book, portfolio weights are instead proportional to
the assets’ expected excess returns (see, e.g., eq. (1.18) or the extensions to its dynamic
counterparts in chapter 4 [section 4.6]). It is then quite peculiar that such a portfolio does
not carry any information on the expected returns.

To facilitate the interpretation of this portfolio, assume that all asset returns are uncor-
related, in which case πgmv in (1.13) collapses to a vector, where each component is

1. But then any efficient portfolio can be constructed through a convex combination of any two
arbitrary but distinct efficient portfolios (see appendix 1.A).
2. The covariance of the global minimum variance portfolio with any other portfolio is always C−1
(see appendix 1.A).
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given by
πgmv,i

w
≡ 1/σ 2

i∑m
j=1 1/σ 2

j

, i=1, · · · ,m. (1.14)

This portfolio expresses the rule to overweight assets that display lower volatility. It is the
simplest example of a risk parity investment strategy, by which the risk contribution is the
same for different assets: eq. (1.14) is an equally weighted portfolio in terms of risk and
thus implicitly assumes that expected returns are the same for all assets. More advanced
parts of this book (see, e.g., chapter 9 [section 9.11.5] or chapter 11 [section 11.10] explain
that risk parity practice may feed endogenous risk: agents invested into such a strategy tend
to sell when volatility increases, determining more volatility over a vicious circle. Roncalli
(2014) provides an introduction to risk parity practice.

Note, finally, that if variances are all the same, σ 2
i = σ̄ 2 for some σ̄ 2, then, the global

minimum variance portfolio in (1.14) collapses to the famous one-over-N rule,

πgmv,i

w
= 1
m
,

where each asset is equally weighted and N stands for m in the notation of this chapter.
Implicit in these rules may be the acknowledgment of the idea that expected returns (and

volatilities in the case of the one-over-N rule) are so difficult to calibrate that one may give
up taking any assumptions on them in the first place. Indeed, it is well known that the actual
performance of the mean-variance model is very sensitive to the estimates of the expected
returns. Section 1.3.6 reviews a Bayesian approach to this problem, which enables a model
user to incorporate their own views on market returns. Instead, section 1.3.7 proposes
explanations for why investors would insist in using global minimum variance portfolios
in a world of Knightian uncertainty where uncertainty reigns regarding the exact value
taken by the assets’ expected returns.

1.2.6 The Market Portfolio
The market portfolio is the portfolio at which the CML in eq. (1.6) and the efficient port-
folio frontier in eq. (1.11) intersect. In fact, the market portfolio is the point at which the
CML is tangent to the efficient portfolio frontier. For this reason, the market portfolio is
also referred to as the “tangent portfolio.” In figure 1.2, the market portfolio is at pointM
and has volatility equal to vM and expected return equal to μM. At this point, the CML is
tangent to the efficient portfolio frontier, AMC.3 We now develop the reasons for referring
to the tangent portfolio as the market portfolio.

1.2.6.1 Two-fund separation
Figure 1.2 illustrates that the CML dominates the efficient portfolio frontier AMC. Let us
explain. On the one hand, the CML is the value of the investor’s problem, [1.P1], obtained
while investing in all the risky assets and the riskless asset. On the other hand, the efficient
portfolio frontier is the value of the investor’s problem, [1.P2], obtained while investing

3. The existence of the market portfolio requires a restriction on r, derived in eq. (1.15).
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Figure 1.2
The capital market line and the market portfolio.

in the risky assets only.4 Then, the CML and the efficient portfolio frontier can only be
tangent to each other. If not, then there would exist a point on the efficient portfolio frontier
that dominates some portfolio on the CML, and this is impossible. Likewise, the CML
must have a portfolio in common with the efficient portfolio frontier—the portfolio that
does not include the safe asset. We shall rely on these insights and provide an analytical
characterization of the market portfolio.

Sowhy dowe term themarket portfolio in this way? Figure 1.2 reveals that any portfolio
on the CML can be obtained as a combination of the safe asset and the market portfolioM
(a portfolio containing only the risky assets). Investors with high risk aversion would like
to choose a portfolio such as Q, and investors with low risk aversion would perhaps pick
a portfolio such as P. But no matter how risk averse an investor is, their optimal choice is
a mix of the safe asset and the market portfolio M. Thus, the market portfolio allows an
investor to calibrate their desired overall exposure to risk: they will invest those portions
of their wealth in the market portfolio that makes their overall exposure to risk consistent
with their risk appetite. It’s a two-fund separation theorem. We shall make these statements
more rigorous in the following sections.

This separation theorem has equilibrium implications that naturally lead us to refer the
tangent portfolio to as “market portfolio.” We know that any portfolio can be attained
by investing in the portfolio M and by lending or borrowing funds in zero net supply. In

4. Figure 1.2 also depicts the dotted line MZ, which is the value of the investor’s problem when
they invest a proportion higher than 100% in the market portfolio, leveraged at an interest rate for
borrowing higher than the interest rate for lending. In this case, the CML coincides with rM up to
the point M. From M onward, the CML coincides with the highest between MZ and MA.
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equilibrium, then, every investor must hold some proportions ofM. But in aggregate, there
is no net borrowing or lending, and all investors must then have portfolio holdings that
sum up to the market portfolio, which is therefore the value-weighted portfolio of all the
existing risky assets. This argument is formally developed in appendix 1.B.

Note, finally, that the market portfolio is a mere convex combination of all the existing
risky assets. At first sight, it appears to be “preference-free” in that its construction is
independent of the investors’ risk attitudes. However, this proposition needs to be nuanced:
below, we shall explain that the vector of expected returns μ still needs to be estimated
and that models of risk and risk aversion might be needed to characterize μ.

1.2.6.2 Asset allocation puzzles
Do investors allocate wealth according to the previous predictions? Financial advisers are
known to recommend that young investors hold more risky positions; they are also known
to advise less conservative investors to increase their stock holdings compared with bonds.
However, according to the theory in this section, the stocks-bonds mix in the market port-
folio should be the same, regardless of the investors’ attitude to risk (see the discussion
around figure 1.2). It is an instance of asset allocation puzzles.

Campbell and Viceira (2002) provide an early synthesis of how these puzzles can be
addressed through dedicated extensions of the framework in this section. These or addi-
tional analysts’ recommendations could be understood while assuming that investors face
more risks than those directly related to the price fluctuations of the assets in their port-
folios. Some of these risks (not necessarily traded—e.g., labor income or random volatility)
could indeed be hedged by investing more or less in risky positions than predicted by the
simple theory in this section. Chapter 4 provides discussions of these cases while framing
them into subsequently developed notions, according to which agents are assumed to have
access to “stochastic opportunity sets.”

1.2.6.3 Analytical characterization
We turn to characterize the market portfolio. We need to assume that the interest rate
is sufficiently low to allow the CML to be tangent at the efficient portfolio frontier. The
condition ensuring this outcome is that the return on the safe asset should be less than the
expected return on the global minimum variance portfolio; namely,

r<
D
C
=μgmv, (1.15)

where μgmv is the global minimum variance portfolio identified through eq. (1.10). That
is, we cannot find risky portfolios that yield less than the safe asset.

Next, let πM be the market portfolio. To identify πM, we note that it belongs to AMC
if π�M1m=w, where πM also belongs to the CML and, therefore, by eq. (1.5), is such that

πM

w
= �

−1 (μ−1mr)√
Sh

vM. (1.16)

Therefore, we search for the value vM that solves

w=1�mπM=1�mw
�−1 (μ−1mr)√

Sh
vM;
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that is

vM=
√
Sh

D−Cr . (1.17)

Finally, we plug this value of vM into the expression for πM in eq. (1.16) and obtain

πM

w
= 1
D−Cr�

−1 (μ−1mr) . (1.18)

Once again, the market portfolio belongs to the efficient portfolio frontier.5 Indeed, on
the one hand, the market portfolio cannot be above the efficient portfolio frontier as this
would contradict the efficiency of the AMC curve (obtained by investing in risky assets
only). On the other hand, by construction, the market portfolio belongs to the CML, and
so it cannot be below the efficient portfolio frontier as the CML dominates the efficient
portfolio frontier. Appendix 1.B makes this reasoning rigorous and shows that the market
portfolio does indeed satisfy the tangency condition.

1.3 The Capital Asset Pricing Model

This section provides analysis that goes beyond the investors’ efficient portfolio choices
and derives the first asset evaluation formula appearing in the literature, based on the
celebrated CAPM. First, we derive the CAPM, relying on arguments that have the same
flavor as those in the original derivation of Sharpe (1964). Second, we derive the zero-beta
CAPM of Black (1972), a model that does not require the existence of pure risk-free asset.
Third, we explain how CAPM predictions relate to the behavior of risk averse investors.
Finally, this section applies CAPM ideas and deals with such disparate topics as project
evaluation or “speculative” demand of money.

1.3.1 Restrictions on Securities Expected Returns
Consider a portfolio comprising a proportion x of wealth invested in any asset i and
the remaining proportion 1−x invested in the market portfolio. That is, we consider a
portfolio that is parametrized by x. The expected return and volatility of this portfolio are⎧⎨

⎩
μ̃p≡xμi+ (1−x)μM
ṽp≡

√
(1−x)2σ 2

M+2(1−x)xσiM+x2σ 2
i

(1.19)

where we have defined σM≡ vM. Clearly, the market portfolio M is a special case of this
portfolio. Relying on the examples of section 1.2.4, we know that the curve in (1.19) has
the same shape as the curve BMi in figure 1.3. The curve BMi lies below the efficient port-
folio frontier AMC because the latter results from optimizing a mean-variance criterion
over all the existing assets, which then dominates any portfolio that only comprises the
two assets i and M.

5. While the market portfolio depends on r, this portfolio does not obviously include any shares in
the safe asset.
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Figure 1.3
Construction of the capital asset pricing model.

For example, suppose that the BMi curve intersects the AMC curve. Then a feasible
combination of assets in the BMi curve would dominate points on AMC, a contradiction,
as AMC is the most efficient feasible combination of all existing assets. On the other hand,
the BMi curve has a point in common with the AMC curve, which is M (the portfolio
obtained with x=0). Therefore, the curve BMi is tangent to the efficient portfolio frontier
AMC at M, which is tangent to the CML at M, as we know.

That is, at M, the slopes of the BMi curve is the same as that of the efficient portfolio
frontier AMC. This condition provides a restriction on the expected return μi on any asset
i as we now show. Consider the x-parametrized curve (1.19). We determine its slope atM
through the two slopes, dμ̃p

/
dx and dṽp

/
dx, both evaluated at x=0. We have

dμ̃p
dx
=μi−μM,

dṽp
dx

∣∣∣∣
x=0
=− −(1−x)σ

2
M+ (1−2x)σiM+xσ 2

i

∣∣
x=0

ṽp
∣∣
x=0

= 1
σM

(
σiM− σ 2

M

)
.

Therefore,

dμ̃p(x)

dṽp(x)

∣∣∣∣
x=0
= μi−μM

1
σM

(
σiM− σ 2

M

) . (1.20)

On the other hand, the slope of the CML is (μM− r)
/
σM, which, equated to the slope in

eq. (1.20), yields

μi− r=βi (μM− r) , βi≡ σiM
v2M

, i=1, · · · ,m. (1.21)

Eq. (1.21) is the celebrated security market line (SML) (see appendix 1.B for an alterna-
tive derivation). The assets for which βi>1 are usually referred to as “aggressive,” and the
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assets for which βi<1 are called “conservative.”6 The rationale is the following. Assuming
a positive beta, the higher this beta, the more volatile (and risky) the asset and the higher its
expected return. Assets where beta is negative return on average less than the safe interest
because they provide diversification. Thus, according to the model, assets that command
an expected return less than the safe interest rate can still be quite volatile, notably when
their (negative) beta is sizable.

The SML can be interpreted as a projection of the excess return on asset i (i.e., μ̃i− r)
on the excess returns on the market portfolio (i.e. μ̃M− r). In other words,

μ̃i− r=αi+βi(μ̃M− r)+ εi, i=1, · · · ,m, (1.22)

where αi=0 provided the model is correctly specified. Section 1.5 provides discussion
regarding the empirical evidence on the CAPM.

Eq. (1.22) leads to the following decomposition of the volatility regarding the return in
the ith asset:

σ 2
i =β2i v2M+ var (εi) , i=1, · · · ,m.

The quantity β2i v
2
M is known as systematic risk. The quantity var (εi)≥0 does, instead,

capture the notion of idiosyncratic risk. In the next section, we shall show that idiosyn-
cratic risk can be eliminated through a well-diversified portfolio—roughly, a portfolio that
contains a large number of assets.

1.3.2 The Low-Beta Anomaly
Even though we discuss empirical properties of the CAPM in section 1.5, it is useful
to discuss one of these properties now. Note that the SML line predicts that high-beta
stocks should command higher returns than low beta (see eq. (1.21)). Yet historically,
low-beta stocks have performed better on a risk-adjusted basis: stocks with lower beta
tend to display a higher alpha (the intercept in eq. (1.22)) than stocks with higher beta.
Why?

This anomaly has been known since at least Black, Jensen, and Scholes (1972). One
explanation relies on market frictions. Consider an investor with a pronounced attitude
toward risk-taking behavior. Theoretically, they might want to invest in a portfolio such as
that indicated by point P in figure 1.2. This portfolio may be constructed through leverage:
they should borrowmoney to invest more than 100% of their wealth into the market port-
folioM. However, there may be constraints to leverage. To approximate the profit and loss
(P&L) of a levered position, some investors may want to overweight their exposure to very
risky assets; that is, those with high beta. High-beta stocks would display lower average
returns as a result. Likewise, low-beta stocks may be underweighted and therefore might
offer higher returns. There might also be investors able to borrow, and these investors

6. Interestingly, this notion of beta links to the following classical regression-based hedging con-
text. Suppose we hold a perhaps highly illiquid asset that promises to deliver a return equal to z̃. To
hedge against this stochastic return, go long a portfolio comprising a proportion π in the market
portfolio and 1−π in a safe asset. We minimize the variance of the overall position by choos-
ing π̂ = argminx var[z̃− ((1−π) r+πμ̃M)]=βz̃≡ cov(z̃, μ̃M)/v2M. That is, the beta of the asset is
the proportion of the market portfolio that we use to hedge the asset against systematic market
movements.
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would be less exposed to the “weighting biases” the constrained are subject to. However,
investors able to borrow are likely to be subject to margin requirements. The tighter the
constraints, the higher the low-high beta spread.

It seems natural to assess how robust these insights are when judged against market
conditions. Frazzini and Pedersen (2014) construct a betting-against-beta (BAB) factor: a
portfolio that is long low-beta stocks and short high-beta stocks and engineered in a way
to be market-neutral—that is, to have zero beta. Theoretically, this portfolio has a posi-
tive expected return. Empirically, this portfolio produces substantial risk-adjusted returns.
However, in times of distress, when liquidity is tight, this portfolio’s performance deterio-
rates, just as the theory suggests: a market distress comes with higher margin requirements;
therefore, more cash should be held by the investors who are able to borrow, making their
asset holdings more similar to the investors unable to borrow. The price of high-beta (or
resp., low-beta) stocks increases (resp., decreases) as a result.

The previous examples cover quite advanced material, but it is useful to point them
out in this introductory chapter. The objective is not only to inform the reader about the
importance of market frictions (the CAPM is based on abstract frictionless markets) but
also to explain how apparently spectacular risk-adjusted returns might then need to be
assessed against realistic market conditions, such as those resulting from a liquidity dry-up.
Moreover, the BAB factor is an example of a possible determinant of the cross-section of
expected returns. Section 1.5 explains that hundreds of additional successful factors have
been discovered in the empirical literature. While we may be inclined to be more lenient
on factors suggested by economic reasoning (as the BAB of this section), we may want
to create stringent statistical criteria for the purpose of avoiding a proliferation of factors
arising from pure statistical analysis. Section 1.5.5 reviews work aimed at addressing such
data-mining concerns.

1.3.3 Zero-Beta CAPM
The CAPM predicts that the market portfolio is a benchmark for all the assets’ required
returns. We can actually use any benchmark on the efficient portfolio frontier and not
just the market portfolio to gauge each asset’s expected return. In particular, we pick an
arbitrary portfolio on the efficient frontier and consider another portfolio that has returns
uncorrelatedwiththe initialarbitraryportfolio.Thespreadgeneratedbythese twoportfolios
becomes the evaluation benchmark. Because we only deal with portfolios that have no
riskless assets, the procedure may be useful when the risk-free asset is not available for
trading.

So, consider any portfolio on the efficient frontier, which can be generated by eq. (1.12).
Given a fixed weight equal to l, define vp,l : �

(
vp,l

)= l, and let π̂l≡ π̂
(
vp,l

)
. The return

generated by the portfolio π̂l
w is obviously μl≡ π̂�l μ̃

w . The vector of the covariances of all
the asset returns with μl is

cov(μ̃, μ̃l)=� π̂lw =
l
D
μ+ 1− l

C
1m. (1.23)

In particular, we have that, for any asset i,

cov(μ̃i, μ̃l)= l
D
μi+ 1− l

C
, (1.24)
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and then

var(μ̃l)= cov(μ̃l, μ̃l)= l
D
μl+ 1− l

C
. (1.25)

Eqs. (1.24) and (1.25) can be solved for l
D and 1−l

C , and the solutions can be replaced
back into eq. (1.23), leaving

μ=
(
var(μ̃l)μi− cov(μ̃i, μ̃l)μl

)
1m+ cov(μ̃, μ̃l)

(
μl−μi

)
var(μ̃l)− cov(μ̃i, μ̃l)

.

The previous expression simplifies for assets that have returns uncorrelated with μ̃l, say,
some asset zl : cov(μ̃zl , μ̃l)=0. We now have

μ=μzl1m+
cov(μ̃, μ̃l)
var(μ̃l)

(
μl−μzl

)
. (1.26)

Eq. (1.26) is Black’s (1972) zero-beta CAPM.We may express expected returns in terms
of “benchmark” returns, just as with the SML of eq. (1.21), without however having to
rely on the market portfolio and a riskless asset. The spread referred to as at the begin-
ning of this section is μl−μzl , where μzl is the expected return on an asset that has zero
correlation with the benchmark portfolio on the efficient frontier (whence, zero-beta). It
goes without saying that eq. (1.26) does not rely on whether riskless assets are actually
available for trading or not.

1.3.4 An Excursion into Risk Premiums and Certainty Equivalents
1.3.4.1 Project evaluation
The CAPM is a model that determines the required return for any asset and, thus, is the
very first tool that we can use to evaluate any risky project, not necessarily a very liquid
one. The main prediction of the model is that the market is a pricing factor as it is the only
source of risk against which we assess the expected return on any other asset. Let C̃ denote
the future, random cash flow promised by a given project. Its return is μ̃C= C̃

V −1, where
V is the current value of the project; and by the CAPM, the risk-adjusted discount rate for
this project is

μC≡E(μ̃C)= r+βC (μM− r)= r+ 1
V
cov(C̃, μ̃M)

vM
λ, (1.27)

where λ≡ μM−r
vM

is the unit market risk premium and βC= cov(μ̃C, μ̃M)/v2M is the project
beta. The value of the project is

V= E(C̃)
1+μC . (1.28)

Replacing the expression for μC in eq. (1.27) into eq. (1.28) and rearranging terms gives us

V= E(C̃)− λ
vM
cov(C̃, μ̃M)

1+ r . (1.29)

The project value is the discounted expectation of the random cash flow, C̃, “corrected
for risk,” in the following sense. According to the CAPM, the market is the only source
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of risk relevant for pricing, as explained. If the project cash flows are positively correlated
with the market, investing in the project does not insulate the investments from this source
of risk: the higher this correlation, the more aggressive the project is, just as we said in
previous sections. But the more aggressive the project, the higher its expected return and,
hence, the lower the project value. The risk-adjustment term, λ

vM
cov(C̃, x̃M), determines

how low the project value has to be to induce an investor to undertake this project. This
is the risk premium required to invest.

Were the project cash flows uncorrelated with the market (or were the market return the
same as the riskless asset, λ=0), eq. (1.29) would collapse to an actuarially fair evaluation
formula, by which the project value is simply the discounted expectation of the future
cash flows. Quite naturally, these statistical correlations occur under the probability laws
generating returns and cash flows.

Is there any probability law such that the project value is the same as in eq. (1.29),
but with the numerator replaced by the cash flow expectation under these hypothetical
new laws and without any risk adjustments? The answer is in the affirmative. For obvious
reasons, these laws are known as “risk neutral.” They constitute indeed one fundamen-
tal pillar of asset evaluation, which this book heavily relies on.7 Section 1.4 provides an
introductory discussion to (and the next chapters provide a systematic treatment of) these
foundational issues.

1.3.4.2 With utility functions
Consider an individual, who is considering entering into a gamble that yields a random
payoff x̃ and costs V, with an initial wealth equal to w. We can think of this gamble
as the investment decision in the previous section (with x̃= C̃) and set r=0 to simplify
the analysis. We assume the investor will enjoy a random utility u(w−V+ x̃) from the
project, where the function u is increasing and concave. The property by which the utility
function is concave is tantamount to the assumption that our decision maker is risk averse.
That is, the investor would prefer receiving the expected outcome of the project rather
than exposing themselves to gambling for their utility. Formally, by Jensen’s inequality,
E (u (w−V+ x̃))≤u (w−V+E (x̃)).

We ask: What is the value V that induces the investor to enter into this project? Clearly,
it cannot be higher than the solution V to

u (w)=E (u (w−V+ x̃)) , (1.30)

for otherwise the investor would be better off while staying away from the gamble (and
experiencing utility equal to u (w)). We also assume that, should the project value be less
than V, many additional investors with the same attitude for risk would step in and make
this value increase to the extent that eq. (1.30) holds.

7. Informally, the project value can be expressed as V= E(C̃)
1+r , where E(·) denotes the expectation

under this risk neutral probability, say, Q. For the CAPM, the relation between Q and the original,

natural probability, say P, is given by the so-called Radon-Nikodym derivative dQ
dP =1− λ

vM
(μ̃M−

μM) (see section 1.4.2 for introductory details).
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Next, define the demeaned payoff ε≡ x̃−E(x̃). We study the investor’s attitude vis-à-vis
risk in relation to the fair gamble, that is, the lottery that has payoff equal to ε. We have

u (w)=E (u (w+�+ ε))≤u (w+�) , (1.31)

where we have defined�≡E(x̃)−V. The first equality is simply eq. (1.30) (with the change
in notation), and the inequality is Jensen’s inequality again. Thus, � is positive. That is,
due to risk aversion, the investor is willing to pay less than the expected cash flow to
enter the project. For obvious reasons, we refer to � as the risk premium required to
invest in the project.

Suppose, for example, that a representative investor has exponential utility, u(w)=
−e−τw, and that the cash flow is normally distributed, C̃∼N(E(C̃), σ 2

ε ), such that by
eq. (1.30),

V=E(C̃)− 1
2
τσ 2

ε . (1.32)

The project value is at discount compared with the expected cash flow by a factor equal
to �= 1

2τσ
2
ε , the risk premium. Note that this risk premium relates to the investor’s risk

aversion coefficient, τ : the higher τ , the higher the discount. We shall elaborate on this risk
aversion coefficient below.

These conclusions are the utility counterparts to those of the CAPM in the previous
section. According to the CAPM, the risk premium relates to the project exposure to mar-
ket movements (see eq. (1.29)). In the model of this section, the risk premium arises to
compensate a risk averse investor for the risk they would undertake in this specific project
(see eq. (1.32)). Granted, in equilibrium, market movements may well be related to the
investors’ attitude vis-à-vis risk. However, the link to risk aversion is direct in this model.
Section 1.3.5 clarifies how asset prices link to risk aversion in an equilibrium model—one
in which agents choose amongst several alternatives, as in the CAPM.

Apart from exceptions (e.g., the previous Gaussian case), no closed-form solutions are
available for V. We can, however, approximate � when the risks regarding the fair lottery
are “small”; that is, when the variance of ε, σ 2

ε , say, is small. Appendix 1.C provides the
following approximation to � in this small risks case:

�≈ �̂≡−1
2
u′′ (w)
u′ (w)

σ 2
ε . (1.33)

For example, if the representative investor has exponential utility, then �̂= 1
2τσ

2
ε , which

is the exact risk premium in the previous Gaussian case (see eq. (1.32)). Appendix 1.C. pro-
vides one additional example of evaluation models, in which no closed-form solutions are
available for V, and discusses the quality of the approximations to V based on eq. (1.33).

1.3.4.3 With utility functions II: Certainty equivalents
An alternative albeit closely related notion of risk premium relies on the following reason-
ing. Assume that an individual is entering into a gamble—that is, they have no choice but
to experience a random perturbation to their wealth, leaving them with w+ x̃ dollars.8

8. As an example, think of these wealth fluctuations as those arising during the business cycles.
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To illustrate, suppose that the individual expects a loss from this lottery, E(x̃)<0. We ask,
how much of their wealth would they be willing to give up if they were hypothetically
asked to avoid the gamble?

If the individual were risk neutral, they would be glad to give up the expected loss. But
if they are risk averse, they would be willing to give up more than the expected loss,
say −E(x̃)+�, for some positive � interpreted as a risk premium. In other words, the
individual would be glad to accept a sure reduction of their wealth to w+E(x̃)−�, in
exchange for avoiding to gamble,

u (w+E(x̃)−�)=E (u (w+E(x̃)+ ε))≤u (w+E(x̃)) , (1.34)

where the inequality is Jensen’s inequality and shows that � is positive. We refer to
CE (w, x̃)≡E(x̃)−� as the certainty equivalent for x̃ for an initial wealth equal to w.
Naturally, the sign of E(x̃) can be anything.

The risk premium � has an “insurance flavor.” It relates to an economic premium that
the individual is willing to pay to avoid a loss rather than to an economic incentive to
undertake a risky project. However, it closely relates to the risk premium � defined in eq.
(1.31). Consider, for example, the Gaussian project case in the previous subsection: if C̃ is
Gaussian and the utility is exponential with risk aversion τ , the risk premium in this section
is �= 1

2τσ
2
ε , that is, the same as � in the previous section (see eq. (1.32)). Further, and

just as with the approximation in eq. (1.33), the risk premium � relates to the curvature
of the utility function u, in that, in the small risks case, it can be approximated as follows
(see appendix 1.C):

�≈ �̂≡−1
2
u′′ (w+E(x̃))
u′(w+E(x̃)) σ

2
ε . (1.35)

Note that �̂ and �̂ are the same as soon as the initial lottery is fair, E(x̃)=0 (see eq. (1.33)).
We now discuss alternative measures of risk premiums.

1.3.4.4 Constant and relative risk aversion
The notions of risk premiums investigated so far relate to dollar incentives to undertake
(or avoid) risks. The expressions in eqs. (1.33) and (1.35) reveal that they are proportional
to these risks (i.e., σ 2

ε ) and that they increase with the “normalized curvature” of the utility
function, A (·)≡−u′′ (·) /u′ (·), a function we refer to as absolute risk aversion. The numer-
ator of this function naturally measures how far the investor is from being risk neutral. The
denominator of Amakes this notion invariant to any positive and affine transformation of
the original utility function: if two risk-averse investors have utilities u1 and u2, they have
the same absolute risk aversion if and only if u1=ϕ (u2) and ϕ is an affine function. The
exponential utility function hypothesized in the previous section is one for which absolute
risk aversion is constant and equal to τ ; it is known as constant absolute risk aversion
(CARA) utility for this reason.

These notions can be extended to cover relative incentives to undertake (or avoid)
risks. Consider, for example, the insurance risk premium of the previous section—one,
however, regarding a multiplicative risk, that is, a lottery with an outcome equal to
(w+E(x̃)) (1+ g̃) for some zero-mean random variable g̃, not w+E(x̃)+ ε (an additive
risk). The question we ask now is, what proportion of their wealth would the investor be
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willing to give up if hypothetically asked to avoid this lottery? The indifference condition
in (1.34) is now replaced with

u (w+E(x̃) (1−�r))=E (u ((w+E(x̃)) (1+ g̃)))≤u (w+E(x̃)) , (1.36)

where �r is a constant, relative (or percentage) risk premium. The previous inequality
reveals that �r is positive. In appendix 1.C, we show that this relative risk premium can
approximated as follows:

�r≈ �̂r≡−1
2
u′′ (w+E(x̃)) (w+E(x̃))

u′(w+E(x̃)) σ 2
g , (1.37)

where σ 2
g denotes the variance of g̃.

We refer the function Rr (x)≡−u′′ (x) x/u′ (x) to as relative risk aversion. Consider the
utility function u (x)= x1−γ

1−γ for some constant γ =1, or u (x)= lnx when γ =1. In this
case, relative risk aversion is constant and equal to γ ; it is known as constant relative
risk aversion (CRRA) utility for this reason. Naturally, a CARA investor has increasing
relative risk aversion. The implication of this property is that an investor keeps the same
amount of dollars invested in risky assets as their wealth increases. However, the relative
proportion of risky assets in their portfolio decreases with their wealth, as explained next.
These notions of risk aversion are known since at least Pratt (1964) and Arrow (1965).

1.3.5 Back to CAPM: Equilibrium with Expected Utility
We explained that the investors’ risk aversion determines the proportion of the market
portfolio to hold and achieve any desired point of the risk-return trade-off. We formal-
ize these explanations. We assume that our investors are risk averse: they prefer higher
expected returns than lower, but for any expected portfolio return, they like portfolios
that provide less volatility. We assume that investors are all the same and that the repre-
sentative investor chooses portfolio holdings that maximize their utility derived from the
expected returns and variance, namely,

π∗ = argmax
π

U
(
E
[
w′ (π)

]
, var

[
w′ (π)

])
, [1.P3]

where U (·, ·) is a concave utility function satisfying U1 (·, ·)>0 and U2 (·, ·)<0, sub-
scripts denote partial derivatives, and the expressions for the portfolio expected return
and variance are given in eq. (1.3).

Rearranging the first-order conditions to problem [1.P3] leads to the following portfolio
choice:

π∗ = τ−1∗ �−1 (μ−1mr) , τ∗ ≡ −2U
∗
2

U∗1
, (1.38)

where U∗j ≡Uj
(
E
[
w′ (π∗)

]
, var

[
w′ (π∗)

])
and subscripts denote partial derivatives. That

is, the investor’s choice is a proportion of the market portfolio (see eq. (1.18)). Moreover,
the more risk averse the investor is (i.e., the higher τ∗), the lower the proportion they desire
to hold of the market portfolio.

The investor wishes to lend or to borrow according to whether w−1�mπ∗ is pos-
itive or negative. If the riskless security is in zero net supply, then, in equilibrium,



36 Chapter 1

w−1�mπ∗ =0—that is, the representative investor holds exactly the market portfolio,
which is the value-weighted portfolio, π∗i = θ̄iSi, where θ̄i is the number of the ith
outstanding securities. Note, indeed, that if the riskless security is in zero net supply,

w=1�mπ∗ = τ−1∗ 1�m�−1 (μ−1mr)= τ−1∗ (D−Cr) . (1.39)

Replacing the previous relation into eq. (1.38) gives exactly the market portfolio,
π∗
w = πM

w , where πM is as in eq. (1.18). Note that eq. (1.39) places a restriction on the safe
interest rate, a restriction which we shall return below. Further, chapter 4 provides many
additional instances of restrictions on the interest rate that link to investors’ preferences
(see, e.g., eq. (4.98)).

1.3.5.1 Equilibrium expected returns
What are the equilibrium expected returns? By eq. (1.38), we have that

μ−1mr= τ∗w ·�π
∗

w
= τ∗w · cov(μ̃, μ̃M), (1.40)

where μ̃M= μ̃� π∗w denotes the market return, and the second equality follows by results
in appendix 1.B (see eq. (1.A12)). Moreover, note that, in equilibrium,

μM= π
∗�

w
μ= r+ τ∗w · π

∗�

w
�
π∗

w
= r+ τ∗w · v2M, (1.41)

where the second equality follows by replacing μ from eq. (1.40). Eqs. (1.40) and (1.41)
do obviously lead to the CAPM in eq. (1.21),

μ−1mr= cov(μ̃, μ̃M)

v2M
(μM− r) ,

but they now also lead to a determination of the overall system of the expected excess
returns: by eqs. (1.40) and (1.41), the expected excess returns on all assets (including the
market portfolio) link to the representative agent’s attitudes vis-à-vis risk.

1.3.5.2 A parametric example: Exponential utility
A simple example helps to illustrate the previous conclusions. Suppose the investor maxi-
mizes their expected utility of wealth, taken to be negative exponential, u (w)=−e−τw,
where τ is the absolute risk aversion. Assume that the asset returns are normally
distributed, such that

π∗ = argmax
π

E
[
u
(
w′ (π)

)]= argmax
π

(
E
[
w′ (π)

]− τ
2
var

[
w′ (π)

])
. (1.42)

The solution to this problem is the same as that in eqs. (1.38), where τ ∗ collapses to
the constant τ .9 In equilibrium, the safe interest rate satisfies eq. (1.39), such that now the
investor’s equilibrium asset holdings coincide with the market portfolio.

9. Note that the investor desires to hold relative proportions of the risky assets (π∗/w) that are
decreasing in w. This property follows by the assumption that this investor has constant absolute
risk aversion.
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Wemay elaborate on these results with a further simplification of this example, one with
two risky assets that have uncorrelated payoffs. Assume also that the asset return volatili-
ties are entirely driven by the asset payoffs, in that σ 2

i S
2
i = σ 2

xi , where σ 2
xi is the variance of

the ith asset payoff. It is easy to see that each asset demand is π∗i = (τσ 2
i )
−1 (μi− r)= θ̄iSi,

where the second equality is the equilibrium condition and, by the definition of μi, the
equilibrium price is then

Si= S0
(
E(x̃i)− τ θ̄iσ 2

xi

)
, (1.43)

where we have set x0≡1, such that S0≡ (1+ r)−1. We assume that these prices are strictly
positive.

To determine the equilibrium riskless rate r (or, equivalently, S0), we use the zero net
supply condition for the safe asset, that is, we aggregate the value of the asset holdings and
set the result equal to the initial wealth, θ̄1S1+ θ̄2S2=w, leaving us with

S0= w

θ̄1E(x̃1)+ θ̄2E(x̃2)− τ(θ̄21σ 2
x1 + θ̄22σ 2

x2)
. (1.44)

The single risky asset case is equally instructive. Assume that the second asset is not
available for trading. In this case, the wealth of the representative investor equalsw= θ̄1S1,
where S1 is as in eq. (1.43) and the price of the safe asset is given by eq. (1.44), with θ̄2≡0.
That is, the equilibrium riskless rate simply forces the value of the risky asset holdings to
equal initial wealth, S0 : θ̄1S1=w.

1.3.5.3 Mean-variance utility
Next, suppose that, given a coefficient of variance aversion equal to τ , the agent maximizes
a mean-variance criterion applying to portfolio returns, not to dollar positions, as in the
case of the exponential utility in the previous section (see eq. (1.42)). That is, the investor
chooses the following portfolio:

πmv= argmax
π

(
E
[
w′ (π) /w

]− τ
2
var

[
w′ (π) /w

])= w
τ
�−1 (μ−1mr) , (1.45)

where the last equality follows by a simple calculation. This solution differs from that in
the previous section because the relative proportions of wealth invested in risky assets are
now independent of w. Of course, exponential utility and mean-variance criterions would
lead to the same outcome if exponential utility was referenced to portfolio returns, that is,
if u

(
w′

)=−e−τw′/w, in which case,

π∗ = argmax
π

(
E
[
u
(
w′ (π) /w

)])=πmv, (1.46)

where πmv is as in eq. (1.45).
Note that, in these cases, and in terms of the notation in (1.38), τ∗ = τ

w , such that, by
eq. (1.39), the equilibrium interest rate satisfies

r : τ =D−Cr. (1.47)

Section 1.3.7 relies on eq. (1.47) while discussing some foundational issues regarding risk
parity portfolio allocations in equilibrium.



38 Chapter 1

1.3.5.4 Tobin’s reinterpretation of Keynesian money demand
One of the earliest applications of the ideas of portfolio selection occurred in monetary
economics. In 1958, Tobin provided a new framework to think about money demand,
aimed to provide microeconomic foundations to some traits of the monetary theory of
Keynes (1936). In this novel framework, money demand arises as the agent invests their
savings while optimizing over their risk-returns trade-offs based on their risk aversion.
Tobin’s work would actually inspire the very same Sharpe’s ideas, leading to the CAPM.
Let us review the main points underlying Tobin’s contribution.

Tobin explains that taken at face value, Keynes’s explanations of money demand would
imply that agents end up making dichotomic choices: they would hold either money or
bonds. That is, at the individual level, each agent holds money or bonds based on their own
expectations about future interest rate levels. Yet at the aggregate level, money demand
does inversely relate to nominal interest rates while being flat in correspondence of small
rate values—a liquidity trap. Appendix 1.D provides a parametric example that clarifies
the details of how these mechanisms operate.

Tobin formulates a theory of money demand in which agents do not make previous
dichotomic choices. Consider the following specification of the examples in section 1.2.4.
We interpret the safe asset as money, which is therefore such that its return and volatility
are μ1≡0 and σ1≡0; instead, bonds are risky, in that they provide a superior return but
at the cost of some volatility. Therefore, the expected return and volatility of a portfolio
comprisingmoney and bonds areμp=μ2π2 and vp=π2σ2, with straightforward notation,
and initial wealth normalized to one.

An hypothetical representative agent optimizes a risk-return trade-off identical to that
underlying eq. (1.42). Thus, their money demand is

1−π2=1− μ2

τσ 2
2

and obviously decreases with the bond expected return. This simple model leads to some
predictions regarding the effects of a decreased interest rate volatility. Suppose, for exam-
ple, that a central bank has the power to lower both interest rates and interest rate volatility
in such a way to keep the ratio μ2

/
σ2 unchanged. Money demand decreases as a result.

More generally, money demand is decreasing with interest rate volatility, σ2. According to
this very simple model, low interest rates may be targeted by merely lowering interest rate
volatility.

1.3.6 The Black-Litterman Model
Themean-variance approach to asset allocation obviously requires knowledge of the assets
expected returns. However, it has always been clear that the predictions of the mean-
variance model were very sensitive to the assumptions underlying the assets expected
returns. The main issue is that expected returns are very difficult to estimate. Moreover,
even a small estimation error has the potential to lead to sizeable uncertainty around the
accuracy of themodel portfolio recommendations. This section provides a succinct descrip-
tion of a simple Bayesian approach to addressing these problems, originally developed by
Black and Litterman (1991). Its key element is to acknowledge that the assets’ expected
returns, μ, are unknown and need to be estimated while having regard not only to data
but also to the subjective views that investors might have about them. Fundamentally, this
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approach takes parameter uncertainty into account by allowing the model user to for-
mulate their own views. We present succinct derivations of this approach. Meucci (2005)
provides a comprehensive account of portfolio allocation in the presence of statistical risk.

1.3.6.1 Views
How do we estimate the assets’ expected returns? A basic answer is to ask investors’ opin-
ions. Consider the following example.While the vector of expected returns,μ, is unknown,
the model user may have views about some of its constituents. For example,

E (Pμ)=V, P=
[

1 0 0 0 0 0
0 0 0 0 1 −1

]
, V =

[
6%
1%

]
,

where the expectation is taken because μ is not known anymore and P is a matrix (also
known as a pick matrix), which enables one to incorporate their own views across the
whole spectrum of the expected returns. In this example with six assets, the first asset is
expected to return 6% (an absolute view), and the fifth asset is expected to outperform
the sixth by 1% (a relative view). We now discuss how the investor should update the
estimation of the expected returns based on their views.

1.3.6.2 Updating the estimates of the expected returns
We assume that the assets expected returns satisfy{

μ = μ̄+ εμ, εμ∼N (0,C) , C= c�
Pμ = V + εv εv∼N (0,�), (1.48)

where the second equation describes the investors’ views; � is the usual variance-
covariance matrix of the asset returns; μ̄, P, C, and � are vector or matrices of constants;
and finally, c is a constant that measures the degree of intolerance to the investors’ own
prespecified belief, μ̄: the higher c, the higher the intolerance. We assume that � is known
by the investors. A possible parametrization of � is �=P�Pᵀ/ψ , where the constant ψ
is a measure of the investors’ confidence in their views.

We wish to determine the conditional distribution of μ given V, say μ |V , that is, how
the estimation of the expected returns changes with the views. This distribution can be
obtained by an application of Bayesian methods that are reviewed in more advanced parts
of the book (see, e.g., appendix 10.A in chapter 10). Appendix 1.E contains details of the
proof that

μ |V ∼N (
μbl,�∗

)
, (1.49)

where

μbl=�∗
(
(c�)−1 μ̄+Pᵀ�−1V

)
, �∗ = c

(
�−1+ cPᵀ�−1P

)−1
. (1.50)

A possible choice for the prior μ̄ is that implied by themean-variance portfolio, obtained
by inverting (1.45) for the expected excess returns,

μ̄=1mr+ τ�πmv

w
. (1.51)
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That is, we take the CAPM as the prior and update the assets expected returns by incor-
porating the views. Note that the asset returns, R̃∼N (

μbl,�bl
)
, where �bl=�+�∗. A

mean-variance portfolio decision consistent with the investors’ views is

πbl

w
≡ 1
τ
�−1bl

(
μbl−1mr

)
=�−1bl c−1�∗

πmv

w
+ 1
τ
�−1bl

((
c−1�∗�−1− Im

)
1mr+�∗Pᵀ�−1V

)
, (1.52)

where Im denotes them-dimensional identity matrix, the second line is obtained by replac-
ing the expression for the CAPM prior μ̄ in (1.51) into (1.50) and, finally, by rearranging
terms. Eq. (1.52) shows that the Black-Litterman portfolio with CAPM prior expected
returns is a combination of the mean-variance portfolio (which obtains as a limit for c→0)
and a term that tracks the investors’ views.

1.3.7 Knightian Uncertainty and Global Minimum Variance Portfolio
This section describes a model by which investors react to parameter uncertainty by
making conservative decisions. Compared with the Black-Litterman analysis, investors
acknowledge that they might never learn about the true distribution affecting asset returns
and are averse to this lack of knowledge. This situation is known as one of “Knightian
uncertainty.” Chapter 9 analyzes models with Knightian uncertainty, in which agents are
unable to assess the probability distribution of asset returns and fundamentals (see section
9.6). In some cases, they take robust decisions; that is, decisions based on worst-case
scenarios. In terms of the problems of this chapter, an investor lacks knowledge regarding
the assets’ expected returns but takes decisions as if a malevolent Nature had chosen the
worst outcome for them. For example, the worst outcome could be the lowest expected
return when the investor goes long and the highest expected return when they go short.
Section 9.6 explains that these problems were introduced in finance since at least Dow
and Werlang (1992) and provides a list of references and surveys, including the seminal
contribution of Gilboa and Schmeidler (1989) on “maxmin” preferences (i.e., optimizing
behavior under worst-case scenarios). This section is a slight variation on Garlappi, Uppal,
and Wang (2007). It shows that, in equilibrium, investors tend to tilt their portfolios
toward the global minimum variance portfolio defined in section 1.2.5, thereby providing
some economic foundations to risk parity.

Consider the following very simple case first. An investor (with initial wealth w=1)
would like to build up a portfolio according to a mean-variance criterion, but they are
concerned about parameter estimation error. Specifically, suppose the investor knows the
asset returns’ volatilities, and given a sample size T, they have obtained estimates of the
asset expected returns μi, say μ̂i, i, · · · ,m. They then solve the following program

max
π

min
μ∈M

(
π� (μ−1mr)+R− τ2π

��π
)
, [1.P4]

where, for some prespecified values εi, M=M1× · · ·×Mm and Mi=
{
μi :

(
μi− μ̂i

)2≤
εiσ

2
i /T

}
. In words, the investor selects their portfolio weights while assigning the
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worst-case outcome to each μi within some confidence band

μi ∈
(
μ̂i− σi√

T

√
εi, μ̂i+ σi√

T

√
εi

)
.

We shall soon return to explain the economic significance of this band while dealing
with a similar decision problem (see (1.53) below). For now, note that the program [1.P4]
can equivalently be cast as

max
π

(
π�

(
μ̂∗ −1mr

)+R− τ
2
π��π

)
,

where each element of μ̂∗ is μ̂∗,i= μ̂i− sign (πi)
σi√
T

√
εi. That is, the investor acts so as to

tilt the expected return toward the less favorable case (low when they buy, and high when
they sell).

Next, consider a slightly different problem, where the set M in [1.P4] is, for a given
constant η,

M=
{
μ :

(
μ̂−μ)��−1 (μ̂−μ)≤ η} , (1.53)

a joint restriction on the admissible values for the unknown expected returns. The con-
stant η may be interpreted in cognitive terms, in that the investor has information on the
boundaries of their knowledge on the expected returns, μ, which is summarized by
the setM. Another interpretation is that η is the agent’s aversion to parameter uncertainty:
the higher η, the more acute the worst-case scenarios they would implement while building
up their portfolio choice.10 Chapter 9 contains additional discussions on these topics (see
section 9.6).

We assume that η< Sh∗ ≡
(
μ̂−1mr

)�
�−1

(
μ̂−1mr

)
. In appendix 1.E, we show that

the solution to this problem is

π̂ = argmax
π

(
π�

(
μ̂−1mr

)+R− τ
2
π��π −

√
ηπ��π

)
= 1
τ
(1−�(η))�−1(μ̂−1mr

)
,

(1.54)

where �(η)≡
√

η

Sh∗ . We determine the equilibrium interest rate. Note that, by the expres-

sion in (1.54) and the definitions of C and D in section 1.2.3, the equilibrium condition,
1=w=1�mπ̂ , leads to

r= r̂mv− τC
�(η)

1−�(η) , r̂mv≡ D̂− τ
C

, (1.55)

where D̂ is defined as D but with μ̂ replacing μ.
Based on this expression of the equilibrium interest rate, the solution (1.54) may be

expressed as a weighted average of the mean-variance portfolio in (1.46) and the global

10. Assume, for example, that returns are normally distributed. Then T(T−m)
m(T−1)

(
μ̂−μ)��−1(

μ̂−μ)∼χ2 (m), i.e., a chi-square variate with m degrees of freedom. In this case, the constraint

on the expected returns may be Pr(
(
μ̂−μ)��−1 (

μ̂−μ)≤ η)=1−p, where η= ε m(T−1)T(T−m) , and ε
is chosen so as to ensure a given probability 1−p that the quadratic form lies within some chosen
quintile.
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minimum variance portfolio in (1.13),

π̂ = (1−�(η)) π̂mv+�(η) πgmv, π̂mv= 1
τ
�−1

(
μ̂−1mr̂mv

)
. (1.56)

Note that the mean-variance portfolio, π̂mv, is obtained while using estimated (not the
true, unknown) expected returns.

Eq. (1.55) says that the equilibrium interest rate is equal to the interest rate in a mean-
variance economy without parameter uncertainty, r̂mv (i.e., r in (1.47) but with D̂ replacing
D), minus a wedge arising due to parameter uncertainty. In other words, agents react to
parameter uncertainty by increasing their demand for safe assets, thereby decreasing the
equilibrium interest rate. Thus, the model may be interpreted as one predicting flight-
to-quality effects: the demand for safe assets increases with an hypothetical increase in
η (interpreted as, say, an increase in uncertainty). Moreover, eq. (1.56) clearly shows
that an increase in η results in a higher proportion of holdings in the global minimum
variance portfolio: as uncertainty grows, agents tilt their portfolios toward asset compo-
sitions that are independent of the assets’ expected returns; in the extreme case in which
assets were uncorrelated, agents would tilt their portfolios toward risk parity after an
increase in η.

1.4 The Arbitrage Pricing Theory

1.4.1 Exact APT
1.4.1.1 No-arb restrictions on expected returns
Suppose that asset returns are generated by the following linear factor model,

μ̃
m×1
= μ

m×1
+ B

m×k
· f
k×1
≡μ+ cov(μ̃, f )[var(f )]−1 · f , (1.57)

where μ and B are a vector and a matrix of constants and f is a k-dimensional vector of
factors with zero mean, which are supposed to affect the asset returns, with k≤m.

Let us normalize [var(f )]−1= Ik×k, so that B= cov(μ̃, f ). With this normalization, we
have

μ̃=μ+
⎡
⎢⎣
cov(μ̃1, f )

...
cov(μ̃m, f )

⎤
⎥⎦ · f =μ+

⎡
⎢⎢⎣
∑k

j=1 cov(μ̃1, fj)fj
...∑k

j=1 cov(μ̃m, fj)fj

⎤
⎥⎥⎦ . (1.58)

Next, consider a portfolio of m risky assets and a riskless asset. The wealth generated
by this portfolio is given by eq. (1.2), and in this model is

w′ =π�(μ−1mr)+Rw+π�Bf . (1.59)

An arbitrage opportunity arises, in this context, if there exists some portfolio π such that
the wealth generated by this portfolio, w′ in eq. (1.59), is certain and different from the
safe gross interest rate R, that is, if ∃π :π�B=0 and π�(μ−1mr) =0. Mathematically,
this is ruled out whenever ∃λ∈R

k :μ=1mr+Bλ. Substituting this relation into eq. (1.57)
leaves

μ̃=1mr+Bλ+Bf =1mr+ cov(μ̃, f )λ+ cov(μ̃, f )f .
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Taking expectations, we have for each asset return

μi= r+ (Bλ)i= r+
k∑
j=1

cov(μ̃i, fj)︸ ︷︷ ︸
≡βi,j

λj, i=1, · · · ,m. (1.60)

Let fj be the jth component of the vector of risks in f . The economic interpretation of
eq. (1.60) is that, to be induced to invest in a risky market, we need a risk premium that
compensates us beyond the risk-free rate. This risk premium is

∑k
j=1 βi,jλj. For each asset

i, it is a linear combination of the betas βi,j, which are the exposures of the asset return i
to the sources of risks fj times the unit risk premiums λj relating to each fj. So naturally,
the unit risk premiums are common to all asset returns, although of course the return
exposures, βi,j, can vary across i.

1.4.1.2 Project evaluation
Project evaluation under the exact APT is obtained under a straightforward generalization
of eq. (1.28). For any project with random cash flow equal to C̃i, we have that its random

return is μ̃i= C̃i
Vi
−1, such that the value, Vi, is given by

Vi= E(C̃i)

1+μi , (1.61)

where μi is as in eq. (1.60). In section 1.4.2, we shall explain how to represent the value
of any project in terms of an alternative probability.

1.4.1.3 APT and CAPM
The APT collapses to the CAPMwhen the market portfolio is the only factor affecting asset
returns. This property is easily seen. First, normalize the market portfolio return such that
its variance equals one, consistent with eq. (1.60). Accordingly, let r̃M be the normalized
market return, defined as r̃M≡ v−1M μ̃M, so that var(r̃M)=1. We have

μ̃i=μ+βir̃M, i=1, · · · ,m,

where βi= cov(μ̃i, r̃M)= v−1M cov(μ̃i, μ̃M). Then

μi= r+βiλ, i=1, · · · ,m. (1.62)

In particular, βM= cov(μ̃M, r̃M)= v−1M var(μ̃M)= vM, and so, by eq. (1.62),

λ= μM− r
vM

, (1.63)

which is known as the Sharpe ratio on the market portfolio or the market price of risk.
By replacing βi= v−1M cov(μ̃i, μ̃M) and the expression for λ above into eq. (1.62), we

obtain

μi= r+ cov(μ̃i, μ̃M)

v2M
(μM− r) , i=1, · · · ,m.

This is simply the SML in eq. (1.21).
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1.4.2 Risk Neutral Tilts or the Fundamental Theorem of Asset Pricing
Only if the market were “risk neutral,” would eq. (1.60) predict that the expected return on
any risky asset collapse to the safe interest rate,μi= r. But, is there a way to construct a risk
neutral market—that is, one with a zero risk premium—from the original market where
the risk premium

∑k
j=1 βi,jλj is different from zero? The answer is in the affirmative. It is

a quite fundamental theme in financial economics. It links to the celebrated fundamental
theorem of asset pricing, sometimes referred to as the “FTAP.”

1.4.2.1 Probability twists
Let us develop intuition on such a beautiful result by elaborating a simple example. Assume
that each of the risks fj is standard normal, P

(
dfj

)= 1√
2π

exp(−1
2 f

2
j )dfj, and next, that we

tilt their densities by a factor equal to ζ
(
fj
)= exp(−1

2λ
2
j − λjfj), where λj is the unit risk

premium, as defined in section 1.4.1. This tilt defines a new probability under which each
factor fj is distributed. Let us determine this probability by tilting P through ζ ,

Q(dfj)= ζ(fj)P(dfj)= 1√
2π

exp
(
−1
2
f 2j −

1
2
λ2j − λjfj

)
dfj= 1√

2π
exp

(
−1
2
f̃ 2j

)
df̃j,

(1.64)

where
f̃j= fj+ λj. (1.65)

Note that the new density,Q, is still that of standard normal variate. Yet underQ, it is
f̃j that has zero expectation, not fj. In other words, we have that underQ, (i) f̃j is standard
normal and (ii) fj is normal with unit variance but with an expectation equal to −λj. That
is, assuming that λj>0, fj has a lower expectation under Q than under P—under P, this
expectation is zero, and under Q, it is −λj.

We label the new probability Q risk neutral probability, for the following reasons.
Consider eqs. (1.58) and (1.60), which say that under P,

μ̃i= r+
k∑
j=1

βi,jλj+
k∑
j=1

βi,j fj . (1.66)

We also know that under the new probabilityQ, each factor fj is normally distributed with
mean −λj. That is, replacing eq. (1.65) into eq. (1.66), we have that under Q,

μ̃i= r+
k∑
j=1

βi,j f̃j .

To summarize, the return on each assets μ̃j has the following distributions under P and
under Q:

μ̃j∼NP

(
r+∑k

j=1 βi,jλj, σ 2
j

)
, μ̃j∼NQ

(
r, σ 2

j

)
, (1.67)

where σ 2
j =�jj, �≡BB�, as in eq. (1.3), and NP and NQ denote the Normal densities

under P and underQ. That is, underQ, the expected return on each asset equals r, whence
the risk neutral probability label. In later chapters, we shall use the celebrated Girsanov’s
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theorem to elaborate on these topics and label the tilt ζ in eq. (1.64) as the Radon-Nikodym
derivative of P against Q (see chapter 4, section 4.3.3).

1.4.2.2 Evaluation of derivatives
Why do we need to complicate everything with the previous probability changes? In fact,
the entire building block underlying asset evaluation relies on similar risk neutral tilts.
Consider the following example of derivative evaluation. We wish to price a quadratic
derivative, that is, one that pays off the square of the cash flow promised by the first asset,
C̃2
1. It is challenging to evaluate this derivative through “APT software” in this Gaussian

market because C̃2
1 is obviously not normally distributed, which complicates the reasoning

underlying its exposure to the factors fj. In fact, in this Gaussian market, we cannot restrict
the behavior of the expected return on this derivative without assuming something more.
Let us explain.

Suppose we want to construct a portfolio of the existing assets to replicate the payoff
of the quadratic derivative for each possible value this derivative could take. Can we do
this? The answer is in the negative. We cannot use a finite number of assets to span an asset
payoff, which could take a continuum of values, such as C̃2

1.We saymarkets are incomplete
in this context. In chapter 2, we shall see that the price of such and related derivatives can
be found in a preference-free format as soon as the number of assets is at least as large as
the number of states—markets are, then, complete. In this case, a portfolio that replicates
the derivative’s payoff can be found, and its value is the same as the derivative’s, for two
assets are worth the same whenever they promise the same payoff.

Chapter 2 explains that, in a world with complete markets, the price of the existing
traded assets can be inverted for the shadow value of some elementary assets—those that
pay off one unit of numéraire in a given state of the world and zero otherwise. The price
of these elementary securities can then be used to price any derivative, which is redun-
dant indeed. Chapter 4 explains how these results can be generalized to markets with
a continuum of states, as soon as we assume that there exist a number of sufficiently
diverse elementary securities, which guarantee a payoff could be delivered for each state of
nature. To illustrate through the example of this section, consider the following elementary
security, which promises the following payoff

�(s)=
{
1, if C̃1 ∈

(
s, s+ds)

0, otherwise
, (1.68)

and let φ(s)ds be its current price. We shall refer these securities as Arrow-Debreu
securities, for reasons explained in chapter 2.

We could utilize all of these Arrow-Debreu securities, that is, for all s∈R, and replicate
any generic function of the state, ψ (s), including our original payoff, ψ (s)= s2, s∈R.
Indeed, note that by purchasing ψ (s) units of the security that pays off �(s) in eq. (1.68),
we pay ψ (s) φ (s)ds today and are guaranteed to receive 1×ψ (s) tomorrow in state C̃1 ∈
(s, s+ds) and zero otherwise. Therefore, by purchasing all the securities that span R, in
proportion ofψ (·), we shall receive, for sure,ψ(C̃1) for any possible value of C̃1 tomorrow
and today pay

Cψ ≡
∫ ∞
−∞

ψ (s) φ (s)ds. (1.69)
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We call Pψ such a portfolio. We claim that the value of the derivative, say Vψ , is just Cψ .
For suppose not, and assume, for instance, that Vψ > Cψ . Then we could short sell the
derivative for Vψ , invest Cψ into the portfolio Pψ , and retain an arbitrage profit equal to
Vψ − Cψ . It is an arbitrage profit because the portfolio Pψ delivers the exact payoff we
need to honor the short sale of the derivative.

The crucial point is to determine the value of φ. We claim that

φ (s)= 1
1+ rq

(
s;V1 (1+ r) , σ̄ 2

)
(1.70)

for some σ̄ 2, where q
(
s;m, σ̄ 2) denotes the density of a normal distribution with mean

and variancem and σ̄ 2. Indeed, let us take expectations of C̃1=V1(1+ μ̃1) underQ, such
that, by eq. (1.67),

V1= EQ(C̃1)

1+ r . (1.71)

On the other hand, let us apply eq. (1.69) to determine the value of the derivative that
pays off, ψ(C̃1)= C̃1, which is

V1=
∫ ∞
−∞

sφ (s)ds. (1.72)

Comparing eq. (1.71) and eq. (1.72) yields eq. (1.70).11

We are now ready to evaluate the quadratic derivative, by relying on eq. (1.69), and the
expression of φ in eq. (1.70). We have for ψ (s)= s2, that the value of the derivative, say
VC , can be expressed as a risk neutral expectation:

VC =
∫ ∞
−∞

s2φ (s)ds= EQ(C̃2
1)

1+ r . (1.73)

The expression in eq. (1.73) tells us that all we have to do is to recast the initial evalu-
ation problem in terms of this new risk neutral setup. To fix ideas, suppose that the unit
prices of risk λj are all positive. In this setup, the discounting factor is the safe interest
rate, r. To compensate for such generous discounting, the expectation in the numerator of
eq. (1.73) is lower than that under P because the distribution of C̃1 is more skewed to the
left under Q than under P, due to the factors driving the value of C̃1=V1(1+ μ̃1) being
skewed to take more pessimistic values under Q, on average, by a factor equal to −λj.

Let us proceedwith the determination ofVC , by using eq. (1.73).We have thatEQ(C̃2
1)=

V2
1EQ((1+ μ̃1)

2), where 1+ μ̃1∼NQ
(
1+ r, σ 2

1

)
such that, by a direct calculation,

VC =V2
1

(
σ 2
1

1+ r +1+ r
)
,

where V1 is the value of the first asset, determined as usual through eq. (1.61). Note how
simple this formula is. It links the value of the derivative to the square of the value of the

11. We can check that eq. (1.70) is consistent with the pricing of a pure discount bond. Such a bond
has a payoff equal to ψ (s)= 1 for all s such that by eq. (1.69), 1

1+r =
∫∞
−∞ φ (s)ds, which it does, by

eq. (1.70).
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underlying risk, V2
1 , and the discounted value of σ 2

1 , reflecting that, after all, a quadratic
derivative is about a play in volatility.

1.4.3 Uncertainty and Asset Evaluation
How asset prices relate to the volatility of fundamentals? It is a very old issue in finan-
cial economics.12 Consider a two-period market for a cash ψ to be paid in the second
period where we assume that ψ =ψ(C̃) for some random variable C̃. Accordingly, and
generalizing eq. (1.73), VC ≡ (1+ r)−1 EQ[ψ(C̃)] is the current value of a derivative that
pays ψ(C̃).

We ask: How does the value VC change when uncertainty regarding C̃ increases? For
example, how doesVC change after a change in the variance of C̃? It is a complex question,
and the answers to it depend on the assumptions we make about the uncertainty changes
surrounding C̃. In this chapter, we begin with the simplest situation, one in which a change
in the uncertainty of C̃ does not entail a change in the expected value of C̃. This case is
actually very relevant. Suppose that that C̃ is the cash flow of a traded security with a given
value V, such that its current value is, consistently with results in the previous sections,
EQ(C̃)=V (1+ r), which is clearly independent of the uncertainty surrounding C̃ once we
take V to be given, just as we are doing.

Situations in which changes in the volatility of a random variable do not affect its mean
are known as mean-preserving spreads. Appendix 1.C contains a succinct summary of
these situations and develops results that predict thatVC does indeed increase after a mean-
preserving spread in C̃, provided ψ is a convex function of C̃. Intuitively, a convex function
exaggerates favorable realizations of C̃ and dampens the poor ones. The theory of mean-
preserving spreads was introduced by Rothschild and Stiglitz (1970, 1971) and will be
used at different junctures of this book.

1.4.4 The APT with Idiosyncratic Risk and a Large Number of Assets
Can idiosyncratic risk be eliminated? This section reviews conclusions on this question
contained in the seminal work of Ross (1976) and its initial refinements made by Connor
(1984) andHuberman (1983), among others. Consider eq. (1.22). Intuitively, wemay form
portfolios with a large number of assets so as to make idiosyncratic risk negligible by the
law of large numbers. But would the APT relation in eq. (1.60) be still valid? The answer
is in the affirmative, although it deserves some qualifications.

Consider the APT equation (1.57), and add a vector of idiosyncratic returns, ε, which
are independent of f and have mean zero and variance σ 2

ε :

μ̃=μ+B · f + ε.
We wish to show that, in the absence of some appropriate notion of arbitrage (to be defined
below), it must be that the number of assets such that eq. (1.60) does not hold, N (m) say,
is bounded as m gets large, that is,∣∣μi− (

(Bλ)i+ r
)∣∣>0, i=1, · · · ,N (m) , (1.74)

12. See, e.g., the classical work of Malkiel (1979), Pindyck (1984), Poterba and Summers (1985),
Abel (1988), Barsky (1989), among others.
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where

lim
m→∞N (m)<∞. (1.75)

In other words, we wish to show that in a large market, eq. (1.60) does indeed hold
for most of the assets, an approach close to that in Huang and Litzenberger (1988,
106–108).

By the same arguments leading to eq. (1.1), the wealth generated by a portfolio of the
assets satisfying (1.74), w′N(m) say, is

w′N(m)=π�N(m)
(
μN(m)−1N(m)r

)+RwN(m)+π�N(m)
(
BN(m)f + εN(m)

)
,

where μN, BN and εN are (i) the vector of the expected returns, (ii) the factor expo-
sures matrix, and (iii) the vector of idiosyncratic return components affecting these assets
and, finally, where πN and wN are the portfolio and the initial wealth invested in these
assets.

In this context, we may define an arbitrage as the portfolio πN(m) that in the limit, as the
number of the existing assets m gets large, is riskless and yet delivers an expected return
strictly larger than the safe interest rate, namely,

lim
m→∞

E[w′N(m)]
wN(m)

>R, and lim
m→∞ var[w

′
N(m)]→0. (1.76)

We want to show that this situation does not arise under the condition in (1.75), thereby
establishing that the linear APT relation in eq. (1.60) is valid for most of the assets in a
large market.

So suppose the linear relation, μN −1Nr=BNλ, doesn’t hold. Then there exists a
portfolio π such that

π�BN =0 and π� (μN −1Nr) =0. (1.77)

Consider the portfolio

π̂N = 1
N
· sign

(
π� (μN −1Nr)

)
·π ,

where π is as in (1.77). With this portfolio we clearly have E[w′N]= π̂�N (μN −1Nr)+
RwN >RwN, for each N and even for N large. That is, limm→∞ E[w′N(m)]/wN(m) >R,
which is the first condition in (1.76). Regarding the second condition in (1.76), we have

var[w′N]= π̂�N
(
BNB

�
N + σ 2

ε IN×N
)
π̂N = σ 2

ε π̂
�
N π̂N,

where the second equality follows by the first relation in (1.77). Clearly,
limm→∞ var[w′N(m)]→0 as N (m)→∞. Hence, in the absence of arbitrage, the condition
in (1.75) must hold.

1.5 Empirical Evidence

This section contains a very succinct account regarding the empirical evidence on the
CAPM, its factor extensions, and some of the market practice arising from it.
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1.5.1 Fama-MacBeth Two-Step Regressions
How do we estimate eq. (1.22)? Consider a slightly more general version of eq. (1.22), one
in which the riskless interest rate is time-varying:

μ̃i,t− rt=βi(μ̃M,t− rt)+ εi,t, i=1, · · · ,m,

where εi,t denotes time-series residuals. Fama and MacBeth (1973) consider an estimation
procedure based on two steps. In a first step, one obtains estimates of the market exposures
for all stocks, β̂i say, relying on monthly returns (or returns on other frequencies); we may
approximate the market portfolio with some broad stock market index.13 In the second
step, we runs cross-sectional regressions, one for each month,

μ̃i,t− rt=αt+ λtβ̂i+ ηi,t, t=1, · · · ,T,
where T is the sample size and ηi,t denotes “cross-sectional residuals.” The time-series of
cross-sectional estimates of the intercept αt and the price of risk λt (α̂t and λ̂t, say) are then
used to make statistical inference. For example, time-series averages and standard errors of
α̂t and λ̂t may lead to point estimates and standard errors for α (the unconditional expected
return unexplained by the model) and λ (the price of risk predicted by the CAPM; see eqs.
(1.62)–(1.63)). If the CAPM holds, estimates of α should not be significantly different
from zero.

1.5.2 Macroeconomic Forces
Chen, Roll, and Ross (1986) use the Fama-MacBeth two-step estimation procedure and
estimate a multifactor APT model, one built up along the lines of section 1.4. They identify
macroeconomic forces driving asset returns with innovations in variables such as the term
spread, expected and unexpected inflation, industrial production growth, or the corporate
spread. They find that these sources of variation in the cross-section of asset returns are
significantly priced.

The empirical literature subsequent to this work relies on testing procedures leading to
mixed results. For example, Shanken and Weinstein (2006) find that industrial produc-
tion growth seems to survive to their own testing methodology, although their evidence
is less convincing regarding the previous factors. Part II of the book deals with related
asset pricing puzzles and, more generally, with how financial markets relate to macroe-
conomic developments. The main objectives of part II are to strive against data mining
(the process of searching for variables that explain asset returns) and, alternatively, to put
economic reasoning at the core of the process that leads to suggestions for empirical rela-
tions. Section 1.5.5 provides further details on how data mining has been addressed in the
empirical literature.

1.5.3 The Fama and French Model
Consider the SML introduced in section 1.3 (see eq. (1.21)). The CAPM predicts that each
asset has an average excess return lying precisely on the SML. Assets delivering average

13. In tests of the CAPM, one uses proxies of the market portfolio, such as, say, the S&P 500.
However, the market portfolio is unobservable. Roll (1977) points out that, as a result, the CAPM
is inherently untestable as any test of the CAPM is a joint test of the model itself and of the closeness
of the proxy to the market portfolio.
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excess returns significantly away from the SML would point to evidence that this single
factor version of the APT does not work; points A, B, C, and D in figure 1.4 illustrate this
situation. Consider, for example, the asset corresponding to point A. A regression of the
excess return of this asset onto the excess return on the market would produce a positive
intercept, some α >0, such that its average excess return would equal α+βi (μM− r),
thereby invalidating the SML in eq. (1.21).

Fama and French (1992, 1993) provide evidence that the standard CAPM is invalidated
by the presence of two additional factors, size and value. Further, there is strong evidence of
at least a third factor against the standard CAPM, momentum. These factors are discussed
next.

(1) Size (Banz, 1981): Average returns for “small firms” are too high given their beta.
Firm size is measured in terms of market capitalization: stock price times outstanding
shares.

(2) Value (Stattman, 1980; Rosenberg, Reid, and Lanstein, 1985): Average returns on
stocks with high book-to-market (BTM) ratios or “value stocks” are too high given
their beta. In general, average returns on value stocks are higher than those on stocks
with low BTM ratios or “growth stocks.” The points A, B and C in figure 1.4 may
identify examples of value stocks, with the average excess returns corresponding to
point A relating to the firm with the highest BTM ratios; point D may be an example
of a growth stock.14

(3) Momentum (Jegadeesh and Titman, 1993): Stocks with the highest returns in the
previous 12 months tend to outperform in the next future.

What is the economic intuition for expecting these factors to explain the cross-section
of asset returns? Fama and French (1992, 1993) provide empirical evidence that returns on
both size and value are proxies for common risk factors. They argue that small and, espe-
cially, value stocks seem to display persistently low earnings. Size and value can then be
proxies for profitability and sources of priced risk. However, there is still considerable
debate regarding the economic interpretation of these factors. The interpretation of
momentum as a factor is also very subtle. A natural explanation relies on the sensi-
tivity of asset prices to news. For example, Pedersen (2015, 139) reviews the simple
idea that prices underreact. If, for example, an asset price underreacts to good news, its
subsequent increases lead to momentum. Chapter 10 provides additional explanations
for underreaction based on “limits of arbitrage.” Further, Chapter 8 reviews models by
which volatility and expected returns actually increase on the upside (see section 8.6.3):
when growth is very strong, asset price volatility and then premiums increase after good
news, producing momentum; that is, returns are expected to increase precisely in good
times.

The standard CAPM does not have the power to explain the cross-section of asset
returns that are sorted by size, BTM, or momentum. Assets sorted in this way command

14. This example is highly hypothetical: it is well known that stocks with higher BTM ratios have
higher betas (see Fama and French, 1993).
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Figure 1.4
The solid line depicts the SML based on the assumption that the excess return on the market μM− r= 6%. The
four points, A through D, identify hypothetical pairs of β estimates and average excess returns for four assets.
The α on asset A is obtained while identifying the intercept of the line that passes through point A and is parallel
to the SML.

a size premium, a value premium, and a momentum premium. Let us explain these facts
relying on the original examples developed in the Fama and French (1993) paper. The
original focus of this paper was the time series estimate of exposures to market, size and
value. The returns to be explained relate to portfolios created as follows. First, portfolios
are formed while sorting assets in a given universe through size and BTM. In each year,
stocks are allocated into 5 size quintiles and 5 BTM quintiles, leading to a total of 25 port-
folios obtained as intersections of the 5 size and the 5 BTM groups. Associated with each
of these 25 portfolios are value-weighted monthly returns. The puzzle then, at least from
the standard CAPM perspective, is that the CAPM cannot explain the expected returns on
these 25 portfolios.

Fama and French (1993) show that the returns on these portfolios can be very much
better understood by means of a multifactor model, in which both “size premiums”
and “value premiums” are taken as “factor premiums.” Fama and French consider three
factors: (i) the market premium, defined as the monthly excess return on the market;
(ii) the small minus big (SMB) premium, defined as the monthly difference between
returns on assets with small and big size; (iii) the high minus low (HML) premium,
defined as the monthly difference between returns on assets with high and low BTM
ratios.

Precisely, stocks ranked by size are split into two groups (S: small; B: big) according
to whether their market capitalization is below or above the median, and stocks ranked
by BTM are broken into three groups based on the breakpoints for the bottom 30%
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(L: low), middle 40% (M: medium) and top 30% (H: high) of the BTM ratios distribution.
The result is a 2×3 matrix.

Book-to-Market
Size L M H
S (s,l) (s,m) (s,h)
B (b,l) (b,m) (b,h)

The SMB premium is obtained as the difference between the average returns on small
stocks minus that on big stocks; the HML premium is the difference between the average
return on stocks with high BTM minus that on low; with obvious notation,

smb=1
3 [(s,l)+ (s,m)+ (s,h)]− 1

3 [(b,l)+ (b,m)+ (b,h)]
hml=1

2 [(s,h)+ (b,h)]− 1
2 [(s,l)+ (b,l)] .

That is, the two portfolios, SMB and HML, are factor mimicking portfolios and are
recalculated at a regular frequency. Moreover, these portfolios are dynamic: some assets
may exit from these portfolios and be replaced by new ones, whenever a criterion deter-
mines that they do not fall under the appropriate category at the date portfolios are
recalibrated. The exposures to these portfolios are estimated while regressing each excess
return on all factors:

μi− r=αi+βi (μMt− r)+βi,smbSMBt+βi,shmlHMLt+ εit.
The model can be used to determine the expected return on each asset based on the

predictive part of the previous regression. Carhart (1997) extends this model to one with
a fourth factor: momentum. Returns on a momentum portfolio are the difference between
monthly returns on assets with recent better performance minus returns on assets with
recent worst performance. After the publication of Fama and MacBeth (1973), the litera-
ture has produced an enormous amount of work pointing to evidence of many additional
factors, such as those identified in the Fama and French pieces; Bali, Engle, and Mur-
ray (2016) provide a review of this literature. Before we discuss some of this evidence in
section 1.5.5, we provide a succinct review on how the “discovery” of factors has shaped
investment practice.

1.5.4 “Smart Beta,” or Factor Investing
The merit of the CAPM lies in its simple prediction that the risk of an asset and thus its
premium relates to the asset returns’ exposure to market fluctuations: its beta. But the
empirical evidence reviewed in the previous section suggests the presence of additional
factors, which the cross-section of expected returns may be exposed to. Thus, in the world
of factor models, assets do not really have a meaning on their own in that their returns
merely capture the factors they are exposed to. For example, in his extensive review of
these topics, Ang (2014, 194) explains that “factors are to assets what nutrients are to
food.” In this world, investing is thus a means to capture variation in some of these factors
and the premiums arising therefrom.
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Market practice that emphasizes these ideas is known as factor investing or smart
beta. This phenomenon is so important that smart beta is now part of “commoditi-
zation” efforts, notably occurring through smart beta exchange traded funds (ETFs).15

These ETFs track smart beta indices—that is, indices that reflect the performance of an
investment strategy that seeks exposure to some factors that are alternative to standard
market capitalization indices. To simplify, while standard beta is exposure to market, smart
beta is exposure to “something else.” Which factors—or nutrients—and then premiums
would any investor like to be exposed to? There is no theory or guidance to the vari-
ety of available products. The only assumptions underlying these products are that asset
returns incorporate premiums related to their exposure to factors and then that there are
dedicated portfolios of them that may isolate specific premiums. Some of these factors
may be macroeconomic factors, such as economic growth, inflation, or volatility of finan-
cial markets; these factors are not traded and are difficult to mimic, with the exception of
volatility in some cases as explained in chapter 11. But factors may be simply investment
styles, such as value or momentum (see the previous section), or additional factors such
as quality (embedded into stocks with stable earnings and balance sheets) or low volatility
stocks (consistent with the risk parity examples of section 1.2.5). These factors are often
dynamic: the investment strategy underlying them involves buying and selling over time,
just as in the examples of the previous section.

1.5.5 “Lucky Factors”
How many factors have been reported in the literature, which are potentially able to
explain the cross-section of expected returns? Harvey, Liu, and Zhu (2016) point to the
existence of more than 300 such factors. This fact naturally raises a “data mining” con-
cern: by force of trying with potentially new explanations of asset prices, we might end up
finding some that work. How sure are we that the successful factors only worked by pure
chance? This problem can be regarded as one of multiple testing: when we want to examine
how plausible a new factor is, we are actually testing several null hypotheses (that the first
factor is not significant, that the second is not significant, etc.). In this context, multiple
testing is related to data mining simply because the significance of a new factor must be
assessed while many variables (factors) are being tested on the same dataset.

Further, we may suspect that, in the underground, researchers have been trying with
thousands of additional potential explanations and that none of them have seemed to
work. Financial economists typically publish papers with positive results. Moreover, in the
failed attempts, it is likely that some true explanations of asset markets were disregarded
only because they were not successful given the particular samples on which they were
tested. Intuitively, then, the higher the number of “hidden trials,” the more likely it is that

15. An ETF is a portfolio of securities that may be traded on an exchange just like a common stock.
Unlike a closed-end fund (that issues a fixed number of nonredeemable shares), which only trades
once a day, an ETF trades all the time. While closed-end funds may trade at a discount or a premium,
arbitrage forces tend to make an ETF more closely reflect its Net Asset Value. ETFs differ from open-
end funds (which issue an open-ended number of redeemable shares) for a variety of reasons, such
as the possibility to be traded on margin or to be sold short.
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the discovered factors come out from pure data mining. This problem is one of sample
selection bias of the type addressed by Heckman (1979).

More formally, let H0 denote the null hypothesis that a given factor is not significant.
According to standard terminology (see, e.g., Gouriéroux and Monfort, 2008), we may
incur into two types of errors while in the process of statistical testing:

• Type-I error: rejecting H0 when H0 is true, leading to false positives outcomes;
• Type-II error: failing to reject H0 when H0 is false, leading to false negatives outcomes.

Associated with each of these errors is a probability of occurrence. Let tT (x) denote a
statistic—that is, a function—of the sample of T observations, (xt)Tt=1. For example, tT (x)
may be the t-statistic for the significance of a factor in a cross-sectional regression. The
probabilities of making a Type-I and a Type-II error are, resp.,

αT (θ)≡Pr ( tT (x)∈ C1|H0) , βT (θ)≡Pr
(
tT (x)∈ C̄1

∣∣H1
)
,

where C1 denotes the critical region (and C̄1, its complement), that is, the set of values such
that H0 is rejected if the statistic takes values belonging to it. The hypothesis H1 is an
alternative to H0. The two probabilities are a function of the parameter θ underlying the
data generating process. The probability αT is known as the “size” of a test and 1−αT is
its “significance.” Instead, 1−βT is the “power” of the test.

The critical region is chosen so as to represent the values of the statistics that we consider
significantly different from those we would have observed under the null, H0. Naturally,
the higher αT (θ), the lower βT (θ). How do we proceed in practice? In science, it seems
reasonable to dislike Type-I errors more than Type-II. Typically, the null is the old the-
ory, which we will retain until strong evidence mounts such that we may not maintain
it anymore—“strong” meaning that the significance should be quite high. In a way, when
abandoning a theory is costly, it might be better to guess that we are making errors without
modifying our systems rather than that we are making errors while modifying it. This rea-
soning seems to be consistent with the Popperian account of science proceeding through
falsifications of old hypotheses (Popper, 1959). In our context, Type-I errors lead to false
discoveries, and Type-II errors lead to miss out true factors. Because we cannot simulta-
neously minimize the probabilities of both errors, one compromising approach is to fix a
significance level, 1−αT , and devise a testing procedure that maximizes power (the proba-
bility that true factors are not rejected) for the given significance level. However, note that
power depends on the unknown parameters governing the alternative hypothesis.

To summarize, Harvey, Liu, and Zhu (2016) provide a thorough discussion of the statis-
tical literature and the ensuing variety of tests that seem to work as appropriate benchmark
for our testing concerns. Their conclusions are quite stringent: a t-statistic of at least three
is required as evidence of a significant factor; many of the published successful factors are
actually likely not true factors.

Appendix 1.A Portfolio Choice

We derive eq. (1.9), that is, the optimal portfolio allocation in the case without the safe
asset. We solve two programs: (i) the primal program [1.P2] in the main text (maximize
portfolio expected return for a given variance) and (ii) a dual program, to be introduced
below, by which we minimize the portfolio return variance for a given expected return.
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These derivations are in appendixes 1.A.1 and 1.A.2. Appendixes 1.A.3 and 1.A.4 provide
derivations of selected results given in the main text.

1.A.1 The Primal Program
Given eq. (1.8), the Lagrangian function associated to [1.P2] is

L=π�μ+w− ν1(π��π −w2v2p)− ν2(π�1m−w),
where ν1 and ν2 are two Lagrange multipliers. The first-order conditions are

π̂ = 1
2ν1

�−1 (μ− ν21m) , π̂��π̂ =w2v2p, π̂�1m=w. (1.A1)

Using the first and the third conditions leaves

w=1�mπ̂ =
1
2ν1

(1�m�−1μ︸ ︷︷ ︸
≡D

− ν21�m�−11m︸ ︷︷ ︸
≡C

)≡ 1
2ν1

(D− ν2C).

We solve for ν2, obtaining

ν2= D−2wν1
C

.

By replacing the solution for ν2 into the first condition in (1.A1), we get

π̂ = w
C
�−11m+ 1

2ν1
�−1

(
μ− D

C
1m

)
. (1.A2)

Next, we derive the value of the program [1.P2]:

E
[
w′(π̂)

]−w= π̂�μ= w
C
D+ 1

2ν1

(
A− D2

C

)
, A≡μ��−1μ. (1.A3)

It is easy to show that

var
[
w′(π̂)

]=w2v2p

= π̂��π̂

=
[
w
C
1�m�−1+

1
2ν1

(
μ� − D

C
1�m

)
�−1

] [
w
C
1m+ 1

2ν1

(
μ− D

C
1m

)]

= w2

C
+

(
1
2ν1

)2
(
A− D2

C

)
. (1.A4)

Let us gather eqs. (1.A3) and (1.A4):⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
μp(vp)≡ E

[
w′(π̂)

]−w
w

= D
C
+ 1

2ν1w

(
A− D2

C

)

v2p=
1
C
+

(
1

2ν1w

)2
(
A− D2

C

) (1.A5)



56 Chapter 1

where we have emphasized the dependence of μp on vp, which arises through the Lagrange
multiplier ν1 as formally seen below (see eq. (1.A7)).

The first equation in (1.A5) can be solved for ν1 as follows:

1
2ν1w

=
(
AC−D2

)−1 (
Cμp(vp)−D

)
. (1.A6)

We use eq. (1.A6) and express π̂ in eq. (1.A2) in terms of the portfolio expected return,
μp(vp). We have

π̂

w
= �

−11m
C

+
(
AC−D2

)−1 (
Cμp(vp)−D

)
�−1

(
μ− D

C
1m

)
.

By rearranging terms in the previous equation, we obtain eq. (1.9) in the main text.
Finally, we substitute eq. (1.A6) into the second equation of (1.A5), obtaining

v2p=
1
C

[
1+

(
AC−D2

)−1 (
Cμp(vp)−D

)2] ,
which is eq. (1.10) in the main text. Note also that the second condition in (1.A5) reveals
that (

1
2ν1w

)2

= Cv2p−1

AC−D2
. (1.A7)

Given that AC−D2>0, the previous equation confirms the properties of the global
minimum variance portfolio stated in the main text.

1.A.2 The Dual Program
Next, consider the following program:

π̂ = arg min
π∈Rm

var
[
w′(π)
w

]
s.t. E

[
w′(π)

]=Ep and w=π�1m [1.AP2-D]

for some constant Ep. The first-order conditions are

π̂

w
= η1w

2
�−1μ+ η2w

2
�−11m, π̂�μ=Ep−w, w= π̂�1m, (1.A8)

where η1 and η2 are two Lagrange multipliers.
Combining the first and second conditions in (1.A8) leaves

Ep−w= π̂�μ=w2
(η1
2
A+ η2

2
D
)
, (1.A9)

and combining the first and third conditions in (1.A8) produces

w= π̂�1m=w2
(η1
2
D+ η2

2
C
)
. (1.A10)
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Next, let μp≡ Ep−w
w . By eqs. (1.A9) and (1.A10), the solutions for η1 and η2 are

η1w
2
= Cμp−D
AC−D2

,
η2w
2
= A−Dμp
AC−D2

.

Therefore, the solution for the portfolio in eq. (1.A8) is

π̂

w
= Cμp−D
AC−D2

�−1μ+ A−Dμp
AC−D2

�−11m.

Finally, the value of the program is

var
[
w′(π̂)
w

]
= π̂

�

w
�
π̂

w
= π̂

�

w

(
Cμp−D
AC−D2

μ+ A−Dμp
AC−D2

1m

)

= Cμ2
p−2Dμp+A
AC−D2

,

where we have used the fact that (i) π̂
�
w μ=μp and (ii) π̂

�
w 1m=1. Rearranging terms leaves

eq. (1.10) in the main text.
To check that the second-order conditions apply, consider the bordered Hessian

H=

⎡
⎢⎢⎢⎣

∂2L
∂π∂π

∂2L
∂π∂η1

∂2L
∂π∂η2

∂2L
∂η1∂π

∂2L
∂η1∂η1

∂2L
∂η1∂η2

∂2L
∂η2∂π

∂2L
∂η2∂η1

∂2L
∂η2∂η2

⎤
⎥⎥⎥⎦=

⎡
⎣−2η1� −2�π −1m
−2π� 0 0
1�m 0 0

⎤
⎦ .

It is negative (semi-) definite whenever the leading principal minors (formed through the
last k columns and corresponding rows, for k=4, · · · ,m+2) have determinants with
signs that alternate, with the first one (formed with the last four rows and correspond-
ing columns) having the sign of (−1)2=+1. This is possible whenever η1>0, which is
true by eq. (1.A6), whenever AC>D2.

1.A.3 Efficient Portfolios Generate Efficient Portfolios
Let π1 and π2 be two portfolios on the efficient portfolio frontier. Then, πi= �iπd+
(1− �i) πgmv for some �i, and i=1, 2. Solving for πd and πgmv leaves

πd= 1− �1
�2− �1π2−

1− �2
�2− �1π1, πgmv= �2

�2− �1π1−
�1

�2− �1π2.

Replacing these expressions for πd and πgmv into (1.12) leaves, for any given weight �,

π̂ = �πd+ (1− �) πgmv=ω (�1, �2) π1+ (1−ω (�1, �2)) π2, ω (�1, �2)≡ �2− �
�2− �1 .

That is, any arbitrary efficient portfolio can be generated by any other two arbitrary
efficient portfolios, � = �1 = �2.
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1.A.4 Covariance of Global Minimum Variance and Efficient Portfolio Returns
Let μ̃p= π�p

w μ̃ and μ̃g= π�gmv
w μ̃ be the returns that can be obtained by any portfolio πp and

πgmv. The covariance of the global minimum variance portfolio with any other portfolio is

cov

(
π�p
w
μ̃,
π�gmv

w
μ̃

)
= π

�
p

w
cov(μ̃μ̃�)

πgmv

w
= π

�
p

w
1m
C
= 1
C
.

Appendix 1.B The Market Portfolio and the Security Market Line

1.B.1 The Tangent Portfolio Is the Market Portfolio
Let us define the market capitalization for any asset i as the value of all the assets i that
are outstanding in the market, namely,

Capi≡ θ̄iSi, i=1, · · · ,m,

where θ̄i is the number of assets i outstanding in the market. The market capitalization of
all the assets is simply

CapM≡
m∑
i=1

Capi.

The market portfolio, then, is the portfolio with relative weights given by

π̄M,i≡ Capi
CapM

, i=1, · · · ,m.

Next, suppose there are N investors and that each investor j has wealth wj, which they

invest in two funds: a safe asset and the tangent portfolio. Let wf
j be the wealth investor j

invests in the safe asset andwj−wf
j the remaining wealth the investor invests in the tangent

portfolio. The tangent portfolio is defined as π̄T ≡ πT
wj

for some πT solution to [1.P2] and is

obviously independent of wj (see eq. (1.18) in the main text). The equilibrium in the stock
market requires that

CapM · π̄M=
N∑
j=1

(
wj−wf

j

)
π̄T =

N∑
j=1

wj · π̄T =CapM · π̄T ,

where the second equality follows because the safe asset is in zero net supply and, hence,∑N
j=1w

f
j =0 and the third equality holds because all the wealth in the economy is invested

in stocks in equilibrium.

1.B.2 Tangency
We check that the CML and the efficient portfolio frontier have the same slope in corre-
spondence of the market portfolio. Let us impose the following tangency condition of the
CML to the efficient portfolio frontier in figure 1.2, AMC, at the point M:

√
Sh= AC−D2

CμM−DvM. (1.A11)
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The left-hand side (LHS) of this equation is the slope of the CML, obtained through eq.
(1.6). The right-hand side (RHS) is the slope of the efficient portfolio frontier, obtained
by differentiating μp(v) in the expression for the portfolio frontier in eq. (1.11) and
setting v= vM in

dμp(v)

dv
=

√(
Cv2−1

)−1 (AC−D2
)
v= AC−D2

Cμp(v)−Dv,

and where the second equality follows, again, by eq. (1.11). By eqs. (1.A11) and (1.17),
we need to show that

CμM−D
AC−D2

= 1
D−Cr .

By plugging μM= r+
√
Sh · vM into the previous equality and rearranging terms,

vM=
√
Sh

D−Cr ,

where we have made use of the equality Sh=A−2Dr+Cr2, obtained by elaborating on
the definition of the Sharpe market performance Sh given in eq. (1.4). This is indeed the
variance of the market portfolio given in eq. (1.17).

1.B.3 Alternative Derivation of the SML
The vector of covariances of the m asset returns with the market portfolio are

cov(μ̃, μ̃M)≡ cov(μ̃, π
�
M
w μ̃)= cov(μ̃μ̃�)πMw =�

πM

w
= 1
D−Cr (μ−1mr) , (1.A12)

where we have used the expression for the market portfolio given in eq. (1.18). Next,

premultiply the previous equation by
π�M
w in eq. (1.16), and obtain

v2M=
π�M
w
�
πM

w
= (μ−1mr)��−1√

Sh
vM︸ ︷︷ ︸

= π
�
M
w

· 1
D−Cr (μ−1mr)︸ ︷︷ ︸

=� πM
w

(1.A13)

or vM=
√
Sh

D−Cr , which confirms eq. (1.17).
Let us rewrite eq. (1.A12) component by component. That is, for i=1, · · · ,m,

σiM≡ cov(μ̃i, μ̃M)= 1
D−Cr (μi− r)=

vM√
Sh
(μi− r)= v2M

μM− r (μi− r) ,

where the last two equalities follow by eq. (1.A13) and by the CML relation
√
Sh= μM−r

vM
.

By rearranging terms, we obtain eq. (1.21).
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Cash flow in good times, C

1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

Expected C̃

Project value, V

Small risk approx

Figure 1.A1
The solid line depicts the value of the project, V, as a function of C, the project cash flow in good times. The thick
dashed line depicts the expected value of the project, E(C̃)= 1

2 (1+C), and the thin dashed line is the “small risk

approximation” to V in this example, obtained as V̂≡E(C̃)− �̂, where �̂≡ 1
8 (C−1)2. The true risk premium

is the difference �=E(C̃)−V.

Appendix 1.C Risk and Risk Aversion

1.C.1 Modeling and Approximating Risk Premiums

Project value in a representative investor model. We determine the value of the project
discussed in section 1.3.4 in a simple model with a representative investor. This value is
defined as the solution V to eq. (1.30), and we assume that the representative investor has
initial wealth w=1, exponential utility u (w)=−e−τw (with τ set equal to 1), and that the
random cash flow C̃ is either 1 or C>1 with equal probability. The value C is interpreted
as the cash flow realization in “good times.” In this example, a closed-form solution is not
available for the value of V that satisfies eq. (1.30).

Figure 1.A1 depicts the numerical solution forV as a function ofC. Note that due to risk
aversion, V is lower than the expected cash flow, E(C̃)= 1

2 (1+C). An analytical approx-
imation to the value of V based on eq. (1.33) is V̂≡E(C̃)− �̂, where the approximated
premium, �̂, is defined as

�≈ �̂≡ 1
2
σ 2
ε =

1
8
(C−1)2

and the second equality follows by a simple calculation. Figure 1.A1 shows that the
accuracy of the approximation, V̂, deteriorates as the cash flow risk increases, that is,



The Classic Capital Asset Pricing Model 61

as the deviation of the cash flow in the good state of nature increases from that in
the bad (i.e., one). We now turn to provide the rationale underlying the approximation
in eq. (1.33).

The approximation in eq. (1.33). Consider a second-order Taylor’s approximation of the
RHS of the equality in eq. (1.31) around ε=�=0,

E (u (w+�+ ε))≈u (w)+u′ (w)�+ 1
2
u′′ (w) σ 2

ε ,

where σ 2
ε denotes the variance of ε and where we have disregarded second-order terms in

�. Using this approximation in eq. (1.31) leaves eq. (1.33).

The approximation in eq. (1.35). The rationale behind this approximation is similar to
that underlying eq. (1.33). By a second-order Taylor’s approximation of the RHS of the
equality in eq. (1.34) around ε=0,

E (u (w+E(x̃)+ ε))≈u (w+E(x̃))+ 1
2
u′′ (w+E(x̃)) σ 2

ε ,

and by a first-order approximation of the LHS,

u (w+E(x̃)−�)≈u (w+E(x̃))−u′ (w+E(x̃))�.

Using these approximations in eq. (1.34) produces eq. (1.35).

The approximation in eq. (1.37). Approximate the RHS of the equality in eq. (1.36) with
a second-order Taylor’s expansion around g̃=0,

E (u ((w+E(x̃)) (1+ g̃)))≈u (w+E(x̃))+ 1
2
u′′ (w+E(x̃)) (w+E(x̃))2 σ 2

g ,

and by a first-order approximation of the LHS,

u (w+E(x̃) (1−�r))≈u (w+E(x̃))−u′ (w+E(x̃)) (w+E(x̃))�r.

Using these approximations in eq. (1.36) leaves eq. (1.37).

Certainty equivalents: examples. Consider a risk averse individual who is about to enter
a gamble by which they will receive the outcome of rolling a dice. We assume that they
have an initial wealth w=1 and utility function u (w)= lnw. The expect payoff from the
gamble is E (x̃)= 1

6
∑6

j=1 j=3.5, and the variance is σ 2
ε =2.9167. The certainty equivalent

is defined as

CE (w, x̃) :u(w+CE (w, x̃))=E (u (w+ x̃))= 1
6

6∑
j=1

ln (1+ j)=1.4209,

where the last equality holds due to the assumption thatw=1. That is, CE (1, x̃)=3.1408.
Accordingly, the (insurance) risk premium is �=E (x̃)−CE (1, x̃)=0.3592, whereas its
approximation in eq. (1.35) is

�̂=−1
2
u′′ (w+E(x̃))
u′ (w+E(x̃)) σ

2
ε =

1
2

1
1+3.5

2.9167=0.3241.
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Alternatively, assume the individual has exponential utility u (w)=−e−τw, with τ =1,
and initial wealth still equal to one. The certainty equivalent is now solution to

CE (w, x̃) :u(w+CE (w, x̃))=E (u (w+ x̃))= 1
6

6∑
j=1
(−e−(1+j))=−3.5594×10−2.

That is, CE (1, x̃)=2.3356, such that the risk premium is now equal to �=E (x̃)−
CE (1, x̃)=3.5−2.3356=1.1644, whereas its approximation through eq. (1.35) is
�̂=1.4584.

1.C.2 Stochastic Dominance and Mean-Preserving Spreads
Variance is the notion of risk underlying the classical CAPM and other models in this
chapter. But there are situations studied in this book where the choices of an expected
utility maximizer are well understood while relying on a generalized notion of risk due to
Rothschild and Stiglitz (1970, 1971). Moreover, this notion of risk can be utilized to char-
acterize quite simply the relation between asset prices and the volatility of fundamentals
described in section 1.4.3.

We begin with the following definition.

Definition 1.A1 (First-order stochastic dominance). x̃2 dominates x̃1 if, for any utility
function u increasing and concave, we have that E [u (x̃2)]≥E [u (x̃1)].

We have:

Theorem 1.A1. The following statements are equivalent: (a) x̃2 dominates x̃1, or
E [u (x̃2)]≥E [u (x̃1)] for every increasing function u; (b) for each x>0, F2 (x) is more
likely than F1 (x) to pay more than x, that is, F1 (x)≥F2 (x), where Fi (x) denotes the
cumulative distribution of xi.

Proof. We prove this result in the case the support is compact, say [a,b]. First, we show
that

(
b
)⇒ (a). By integrating by parts,

E [u (x)]=
∫ b

a
u(x)dF(x)=u(b)−

∫ b

a
u′(x)F(x)dx,

where we have used the fact that F(a)=0 and F(b)=1. Therefore,

E [u (x̃2)]−E [u (x̃1)]=
∫ b

a
u′(x) [F1(x)−F2(x)]dx.

Next, we show that (a)⇒ (
b
)
. Indeed (a) implies that

∫ b
a u (x)

(
dF2 (x)−dF1 (x)

)≥0

for u (x)= Ix≥y and y∈
(
a,b

)
, or 0≤ ∫ b

a Ix≥y
(
dF2 (x)−dF1 (x)

)= ∫ b
y

(
dF2 (x)−dF1 (x)

)=
F1 (y)−F2 (y).

There is an alternative characterization of first-order stochastic dominance. Suppose
there exists a strictly positive random variable η by which x̃2 exceeds x̃1, namely,

η>0 : x̃2= x̃1+ η. (1.A14)
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Then, we have that ∀t∈ [a,b], F1(t)≡Pr (x̃1≤ t)=Pr (x̃2≤ t+ η)≥Pr (x̃2≤ t)≡F2(t).
That is, x̃2 dominates x̃1 if it can be expressed as in eq. (1.A14). It is quite an intuitive
property, but at the same time, it does not insulate the pure component of risk. Instead, we
would like to perform the thought experiment to ask every expected utility maximizer to
choose between two distributions with the same mean. Consider the following definition
of second-order stochastic dominance.

Definition 1.A2 (Second-order stochastic dominance). Let x̃1 and x̃2 be two random vari-
ables with the same expectation. We say that x̃1 is more risky than x̃2 if, for every concave
function u, we have that E [u (x̃1)]≤E [u (x̃2)].

Next, consider a case in which the distribution of one variable x̃1 is obtained from that
of another variable x̃2, as follows: we take weights from the middle part of the density
and move them toward the tails by making sure that the new density has the same mean
as the initial. This is equivalent to requiring that condition (b) in the following theorem
holds true. We have:

Theorem 1.A2. The following statements are equivalent: (a) x̃1 is more risky than x̃2; (b)
x̃1 has more weight in the tails than x̃2, i.e. ∀t,

∫ t
−∞ [F1(x)−F2(x)]dx≥0.

Proof. As for (a)⇒ (
b
)
, consider the function −by (x)=−max

{
y−x, 0}. It is increasing

and concave and, hence, a candidate utility function. Therefore, it satisfies∫ b

a

(−by (x)) [dF1 (x)−dF2 (x)]≤0.

That is, using the definition of by,

0≤
∫ y

a
(y−x) [dF1 (x)−dF2 (x)]

= y [F1 (y)−F2 (y)]−
∫ y

a
x
[
dF1 (x)−dF2 (x)

]
=

∫ y

a
[F1 (x)−F2 (x)]dx,

where the last equality follows by an integration by parts. Next we prove that
(
b
)⇒ (a).

We have

E [u (x̃1)]−E [u (x̃2)]=
∫ b

a
u(x)

[
f1(x)− f2(x)

]
dx

= u(x) [F1(x)−F2(x)]|ba −
∫ b

a
u′(x) [F1(x)−F2(x)]dx

=−
∫ b

a
u′(x) [F1(x)−F2(x)] dx

=−
[
u′(x)

[
F̄1(x)− F̄2(x)

]∣∣b
a −

∫ b

a
u′′(x)

[
F̄1(x)− F̄2(x)

]
dx

]
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=
∫ b

a
u′′(x)

[
F̄1(x)− F̄2(x)

]
dx−u′(b) [F̄1(b)− F̄2(b)]

=
∫ b

a
u′′(x)

[
F̄1(x)− F̄2(x)

]
dx,

where F̄i(x)=
∫ x
a Fi(u)du. The last equality follows because, by integrating by parts,

−
∫ b

a
[F1 (x)−F2 (x)]dx=

∫ b

a
x
[
dF1 (x)−dF2 (x)

]=0,

where the last equality follows by the assumption that F1 and F2 have the samemean. Now,
by u′′<0 and F̄1(x)> F̄2(x), the previous relation implies that E [u (x̃1)]<E [u (x̃2)], that
is, x̃1 is more risky than x̃2.

Finally, we explain a link between the previous notions of risk and that of mean-
preserving spreads utilized in section 1.4.4 of this chapter.

Mean-preserving spreads. We can now consider random variables that add up risk with-
out affecting the mean: suppose that there exists a random variable ε : x̃1 has the same
distribution as x̃2+ ε and E (ε| x̃2=x2)=0. We can think of an experiment in which
after receiving a random payoff x̃2, another random payoff could be offered to us,
which has conditional expectation zero, thereby adding randomness without boosting the
overall expected return. That is, x̃1 is a mean-preserving spread of x̃2. A variable that
is a mean-preserving spread of another displays the properties stated in theorem 1.A2.
Indeed,

E [u (x̃1)]=E [u (x̃2+ ε)]
=E [E (u (x̃2+ ε)| x̃2=x2)]
≤E [u (E ( x̃2+ ε| x̃2=x2))]
=E [u (E ( x̃2| x̃2=x2))]
=E [u (x̃2)] ,

where the inequality follows by concavity of u and by Jensen’s inequality.

Appendix 1.D Money Demand and Liquidity Traps

We develop an example mentioned in the main text (see section 1.3.5.4) by which agents
make dichotomic choices while either holding money or bonds based on their expectations
on future interest rates. Assume the nominal yield curve is flat at i0, and consider a perpet-
ual bond with coupons equal to one, the price of which is b0=∑∞

h=1 1 · (1+ i0)−h= i−10 .
There is a continuum of agents on [0, 1], and each agent j∈ [0, 1] holds the belief that
within a given period, i0 will converge to a “normal” rate, say ie (j)≡1/be (j). Therefore,
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the agent believes that the return on this bond over this period is

Rj (i0)≡ be(j)−b0+1
b0

= i0
ie(j)
−1+ i0,

such that there exists a value of i0 for each j, such that Rj(i0)=0 and given by

ı̂0 (j)≡ ie (j)
1+ ie (j) .

This rate is monotonically increasing in the normal rate for agent j and is critical in that
agent j holds money if i0< ı̂0 (j) and invests in bonds if i0> ı̂0 (j). In other words, an
investor invests in bonds when they believe that interest rates will fall by an amount
sufficient to generate positive profits. Without loss of generality, assume that ı̂0 (j) is
monotonically decreasing.

How do open market operations affect interest rates in this example? For a given i0,
set j̄ : ı̂0(j̄)= i0, such that investors j< j̄ (resp. j> j̄) only hold money (resp. bonds). Next,
consider a central bank bond purchase operation. Given the current level of i0, investors
who are currently holding bonds are obviously not willing to tender any of their holdings:
bondholders would be incentivized to sell at a price higher than b0. Consider, for example,
the price b′0≡ (i0− ε)−1, for some ε >0; then, the investors’ break-even condition becomes
Rj (i0− ε)=0. Now, would-be bondholders are those j such that j> j̄′> j̄, that is, a mass of
investors equal to j̄′ − j̄ are willing to sell at b′0: money demand decreases with the nominal
interest rates.

Note that if the current interest rate i0 was so low that i0= ı̂0 (1)≡ ξ , no agent would
currently hold any bonds: everyone would now hold the belief that that interest rates may
only rise. This situation is one of a liquidity trap: when i0= ξ , an increase in money sup-
ply would not affect interest rates; there are no investors in the market to purchase bonds
from, except the marginal investor j=1. So if the central bank increases money supply,
the marginal investor is willing to accept this new money and tender the bonds as they
are obviously indifferent between investing in bonds or hoarding money. Actually, if the
central bank decreases money supply, the marginal investor would also be willing to buy
these bonds.

This description illustrates the very well-known Keynes’s (1936) point that money
demand should be negatively sloped at an aggregate level. Consider the following simple
example, in which ie (j) is uniformly distributed, that is,

ie (j)= ξ̄ − (ξ̄ − ξ)j, j∈ [0, 1]
for some two constants ξ and ξ̄ > ξ . Then,

ı̂0(j)=
ξ̄ − (ξ̄ − ξ)j

1+ ξ̄ − (ξ̄ − ξ)j .

The jth agent money demand, md (j) say, is dichotomic, in that

md(j)=
{
1, if ı̂0(j)> i0
0, otherwise

.
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Yet aggregate money demand is

Md≡
∫ 1

0
md (j)dj=

∫
j:ı̂0(j)>i0

dj= ξ̄ − (
1+ ξ̄) i0

(ξ̄ − ξ)(1− i0)
,

Provided i0<
ξ̄

1+ξ̄ , aggregate money demand is positive. Moreover, it is always decreasing
in i0.

Appendix 1.E Parameter Uncertainty

Proofs of eq. (1.49). By the projection theorem (see appendix 10.A in chapter 10),

E (μ |V )=E (μ)+ cov (μ,V) var (V)−1 (V −E (V)) ,
and

var (μ |V )= var (μ)− cov (μ,V) var (V)−1 cov (μ,V)ᵀ ,

where, by (1.48), cov (μ,V)= cov (μ,Pμ− εv)=CPᵀ and var (V)=PCPᵀ+�. Therefore,
E (μ |V )= μ̄+CPᵀ (

PCPᵀ+�)−1
(V −Pμ̄) , var (μ |V )=C−CPᵀ (

PCPᵀ+�)−1PC .T

The distribution in (1.49) follows by rearranging terms and using the definition
C= c�. �

Proofs of eq. (1.54). Consider the Lagrangian function for the program [1.P4], where M
is as in (1.53):

L=π� (μ−1mr)+R− τ2π
��π − λ

(
η− (

μ̂−μ)��−1 (μ̂−μ)) , (1.A15)

where λ is the Lagrangemultiplier. The first-order conditions forμ leads to μ̂−μ∗ = 1
2λ�π ,

where μ∗ is the optimal value for μ; replacing this expression and the first-order condition
for λ into (1.A15) leaves

L=π� (
μ̂−1mr

)+R− τ
2
π��π − 1

2λ
π��π . (1.A16)

The expression for the Lagrange multiplier, λ∗ say, is obtained while using the constraint

η= (
μ̂−μ∗

)�
�−1

(
μ̂−μ∗

)=(
1
2λ

)2

π��π ,

leaving 2λ∗ =
√
π��π
η

. The objective function in eq. (1.54) in the main text follows by
replacing λ∗ into (1.A16). The second equality follows because the first-order conditions
for this problem lead to

π̂ = σP

τσP+√η�
−1 (μ̂−1mr

)
, σP≡

√
π��π .

Replacing the expression for π̂ into that for σP leads to the following equation
satisfied by σ 2

P ,

σ 2
P =

(
σP

τσP+√η
)2

Sh∗,

where Sh∗ is defined in the main text. That is, τσP+√η=
√
Sh∗. �
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